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 ABSTRACT 
 
The purpose of seismic reliability analysis of existing building is to estimate the 
probable damage due to future earthquakes and to retrofit these building for improved 
performance. Earthquake damage to buildings depends not only on structural model 
but also on the characteristics of earthquake ground motion such as duration, 
frequency, peak ground motion, and number of occurrences. These characteristics are 
considered as random. Thus, stochastic processes are used to describe earthquake 
occurrence, ground motions, and failure. 
 An existing eight-story steel moment frame building located in Los Angeles, 
California is chosen as a case study to illustrate the application of the stochastic 
methods. To evaluate the seismic reliability of the building, a large number of ground 
motions are generated that represent possible future earthquakes in the region. 
Earthquake ground motion is modeled as a Gaussian process based on recorded 
accelerogram of the 1994 Northridge earthquake. Under the ground motions 
generated, the response samples of the building are obtained by dynamic analysis 
method.  
 For the purpose of the seismic vulnerability analysis, failure rate analysis is 
performed to estimate the probability of exceedance of peak building response 
measured by peak interstory drift and floor acceleration. Besides, to develop fragility 
curves, incremental dynamic analysis (IDA) is performed which is a parametric 
analysis method to estimate structural performance under earthquake ground motions 
scaled to several levels of intensity measures such as first mode spectral displacement 
and acceleration. From IDA results, fragility curves are developed which show the 
conditional probability of reaching or exceeding a particular damage state as a 
 function of ground motion intensity measure. Fragility curves are then represented by 
lognormal distribution functions with two parameters. 
 Because the damage in terms of monetary loss provides more meaningful 
measure of economic impacts of earthquakes, seismic damage to the building is 
evaluated in terms of dollar value. Using the fragility curves, direct economic cost 
functions are developed to estimate economic losses as a function of ground motion 
intensity measure. 
 In order to illustrate the use of the direct economic cost functions for finding 
an optimal retrofit option, braced frames are designed by placing bracing elements to 
the existing moment frames. Although several retrofit options should be considered to 
find an optimal alternative, this study focuses on the concentrically braced steel frame 
system. The exceedance probabilities of the overall direct economic cost of the two 
structural systems are compared to make a decision which structural system is 
superior. 
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CHATER 1 
INTRODUCTION 
 
Earthquakes are unpredictable and potentially severe natural hazards. Structural 
failures in recent earthquakes such as Northridge earthquake in southern California 
and Sichuan earthquake in China have caused casualties and monetary losses inducing 
significant social and economic impacts. These events provide information on the 
seismic reliability of existing buildings. The purpose of seismic reliability analysis of 
existing buildings is to estimate the probable damage due to future earthquakes and to 
retrofit these buildings for improved performance. In general, structural reliability is 
expressed in terms of probability because of the uncertainty in seismic loads. 
This thesis provides methodologies for building performance evaluation under 
earthquake loads and damage loss estimation related to structural and nonstructural 
damage as well as economic aspects of the damage. As a case study, an existing eight-
story steel moment frame building located in Los Angeles, California is selected. In 
the Los Angeles region, high seismic risk area, most recently the 1994 Northridge 
earthquake caused the billions of dollars in damage in addition to fear of earthquakes.  
For the purpose of the seismic vulnerability analysis, failure rate analysis is a 
useful approach. The failure rate analysis estimates the exceedance probability of 
structural damage in terms of different damage measures such as peak interstory drift 
ratio and floor acceleration. Since the accuracy of this approach depends on the 
number of samples of seismic response, it is necessary to generate a large number of 
ground motions that represent future earthquakes in the region. Based on the spectral 
density of a time history record, artificial ground motions can be modeled as a random 
process to take the random nature of earthquakes into consideration. Then the seismic 
response data can be obtained from dynamic analysis. 
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Fragility curves can be used to characterize the relationship between seismic 
intensity measure and building damage. The fragility curves provide the conditional 
probability of reaching or exceeding a particular damage state as a function of spectral 
displacement, spectral acceleration, or peak ground acceleration [18]. Figure 1.1 
shows typical fragility curves representing four damage states: Slight, Moderate, 
Extensive, and Complete. 
 
 
 
Figure 1.1: Fragility curves representing four damage states [18] 
 
In general, the fragility curves can be developed using either of actual damage 
data from previous earthquakes or analytical methods. If the real damage data is not 
available or sufficient for a certain structure, fragility curves are generated from 
seismic response data obtained by means of dynamic analysis of structure subjected to 
artificial ground motions [8]. 
A method to construct analytical fragility curves is Incremental Dynamic 
Analysis (IDA). IDA, which involves simulating curves of damage measure versus 
seismic intensity measure, is a parametric analysis method to estimate structural 
performance under several earthquake ground motions [21],[38]. Based on IDA results, 
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structural and nonstructural damage can be classified into the four different damage 
states of the fragility curves, independently, based on threshold values which are given 
in terms of damage measures.  
 The estimation of the potential economic loss is also important criteria to 
determine the seismic vulnerability of structures. To assess the loss due to earthquakes 
in terms of dollar value, the formulation of reliable cost functions is required. The cost 
function can be developed from the fragility curves. Because each damage state is 
related to an expected repair cost or loss, the monetary damage of a building can be 
estimated as the mean economic loss which is the sum of the products of discrete 
damage state probability and expected damage cost [12],[18]. 
 
1.1 Overview 
This thesis contains five chapters, the first of which is this brief introduction. The 
second chapter presents basic concepts underlying the seismic response analysis of 
linear single- and multi-degree-of-freedom systems. The first part of the chapter is 
concerned with modeling earthquake ground motion as a stationary process using an 
acceleration time history record. Then numerical methods to determine the response of 
structures subjected to artificial ground motion are presented and demonstrated with 
sample structural models. Subsequently, the responses of the structures are used as a 
measure of failure rate under the effect of ground motions. 
 In the third chapter, seismic damage analysis of an existing steel moment 
frame building located in Los Angeles is performed assuming linear elastic behavior. 
The artificial earthquakes are generated based on the acceleration time history of the 
1994 Northridge earthquake. By utilizing the methods of response analysis developed 
in chapter two, the procedure to develop the fragility curves are discussed. Then loss 
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estimation functions are developed by converting the damage state probabilities to 
dollar equivalent. 
 In the fourth chapter, nonlinear analysis of the existing building is performed 
under the effect of non-stationary ground motion for more reliable estimation of 
structural performance. For nonlinear multi-degree-of-freedom systems, the governing 
equations of motion and methodologies for solving these equations are introduced. For 
the estimation of direct economic cost, the overall process described in chapter three is 
used. Lastly, an alternative structural system is presented as a retrofit option, and its 
level of safety is compared with that of the existing structural system. 
The final chapter presents conclusions and discusses the findings of this study. 
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CHAPTER 2 
METHODOLOGY FOR ESTIMATION OF EARTHQUAKE DAMAGE 
 
Earthquakes occur randomly at any instant of time in seismically active regions. Due 
to their inherent uncertainty and the limited knowledge about the causes involved in 
this phenomenon, probability theories are widely used to incorporate the uncertainties. 
As a mean of protecting the built environment from earthquakes, probabilistic 
approaches are developed to estimate seismic damage to existing buildings or new 
buildings to be constructed. 
 In this chapter, modeling of earthquake-induced ground motion is first 
illustrated, and then basic topics in structural dynamics and their applications to 
earthquake response analysis are discussed. Failure rate analysis is then carried out 
considering simple structural models, which provides insight into structural reliability. 
 
2.1 Stochastic Modeling of Earthquake Occurrence and Ground Motion 
As a first step of seismic hazard estimation, this section discusses stochastic methods 
for modeling earthquake occurrences and generating artificial ground motion time 
histories.  
 
2.1.1 Earthquake Occurrences  
A Poisson process is commonly used to model an event with a long return period that 
can randomly occur at any time instant. Because earthquakes could occur in a seismic 
zone randomly in time and have a long recurrence time interval, the occurrence of 
earthquakes is assumed to follow a Poisson process [3]. 
 6
Thus, the number of possible earthquake occurrences in a time t is governed by 
the Poisson probability mass function (PMF). If ( )eqN t  is the number of earthquakes 
in time interval (0, t), then 
 
 ( )( ( ) )
!
eqn
t
eq eq
eq
tp N t n e
n
λλ −= =  (2.1) 
where λ is the mean occurrence rate. It follows then that the mean number of 
occurrences in t is tλ  [3]. 
Under the assumption that earthquake occurrences follow a Poisson 
distribution, the time intervals between two consecutive occurrences are independent, 
exponentially distributed random variables with mean 1/λ. Because of the memoryless 
property of the exponential distributions, the inter-arrival time of the future events is 
independent of the past [3]. Algorithm 2.1 shows two methods for simulating sample 
paths of earthquake occurrences over a specified period of time (0, t). 
 
Numerical Example 
The two methods are applied to the following numerical example. Suppose 30 
earthquakes have been reordered over 50 years. Then the mean occurrence rate of 
earthquakes is estimated as ˆ 0.6λ =  quakes/year. Under the assumption that 
earthquake occurrences can be modeled by a Poisson process, sample paths can be 
generated based on λˆ . By each method in Algorithm 2.1, five sample paths of 
earthquake occurrences within the next 50 years are generated in Figure 2.1. 
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Algorithm 2.1: Methods to generate sample paths of earthquake occurrences 
Input:  
 
 
Output:  
 
t: time period of interest (0, t) 
λ: mean occurrence rate 
 
ti: occurrence time 
EQi: the number of earthquakes at ti 
 
Method 1: 
 
 
(a) Define initial values 
 t0=0 and EQ0=0 
 
(b)  Generate exponential random number T 
~ ( )T exponential λ  
where T: recurrence time 
 
(c) Update time ti 
ti=ti-1+T  
 
(d) Update the number of earthquakes EQ 
If it t≤ , 
then EQi=EQi-1+1 and go to step (b) 
If it t> , 
then stop 
Input:  
 
 
Output: 
 
t: time period of interest (0, t) 
λ: mean occurrence rate 
 
ti: occurrence time 
EQi: the number of earthquakes at ti 
 
Method 2: 
 
 
      (a) Generate Poisson random number eqN  
 ~ ( )eqN Poisson tλ  
 where eqN : the number of earthquake occurrences            
                           within time t  
 
(b)  Generate uniform random numbers ti 
~ (0, )it uniform t  
where ti: occurrence time for each earthquake 
 
(c) Arrange ti in ascending order 
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Figure 2.1: Five sample paths of earthquake occurrences generated by Method 1 and 2 
 
2.1.2 Autocorrelation Function and Power Spectral Density 
Power spectral density (PSD) represents the distribution of the power of a time series 
as a function of frequency. By definition, the PSD is the Fourier transform of the 
autocorrelation of a time series. For stationary processes ( )A t , the autocorrelation 
function ( )r τ  depends only on lag time τ  [20].  
 
 ( ) [ ( ) ( )]r E A t A tτ τ= +  (2.2) 
The following two equations, a Fourier pair, show the relationship between the 
autocorrelation function ( )r τ  and the PSD ( )s ν . 
 
 
0
( ) 2 ( )cos( )r s t dτ ν ν ν∞= ∫  (2.3) 
 
0
1( ) ( )cos( )s r dν τ ντ τπ
∞= ∫  (2.4) 
where ( )s ν  is a positive and even function of frequency ν  [15],[34]. In engineering 
applications, the one-sided PSD function  
 
 
( ) 2 ( )          0
0                 otherwise( )
g s
g ν
ν ν ν= >
=  (2.5) 
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is preferred because only the positive frequency range is considered [15],[34]. 
If a time history record ja  is given by discrete values, its autocorrelation and 
one-sided PSD functions can be estimated respectively as 
 
 
1
1( )
sN l
l j j l
js
r r l a a
N l
τ
−
+
=
= Δ = − ∑  (2.6) 
 
1'
0
1
2 cos ( 1)
lag
lag
m
lc
l j m
jlag lag
l jlg g r r r
m m
ν τ π
π
−
=
⎛ ⎞ ⎡ ⎤Δ= = + + −⎜ ⎟ ⎢ ⎥⎜ ⎟ ⎢ ⎥⎝ ⎠ ⎣ ⎦∑  (2.7) 
where 0,1,2, , lagl m= " , lagm  is the maximum lag number, and ' 1/ 2cν τ= Δ  is the 
cutoff frequency [25]. To reduce possible instabilities that may occur in the calculation 
of the autocorrelation function, lagm  should be less than one-tenth of the sample size 
sN . The one-sided PSD given in Equation (2.7) is a biased estimate because of finite 
record length. In order to reduce the uncertainty errors and the variability of the PSD 
estimate, a smoothing procedure using a lag window weighting function is necessary 
[25]. The lag window weighing function is defined by 
 
 
1( ) 1 cos            0,1,2, ,
2
0                                  ( )
j lag
j
lag
lag
jD D j j m
m
j mD D j
τ
τ
π⎛ ⎞= Δ = + =⎜ ⎟⎜ ⎟⎝ ⎠
= >= Δ
"
 (2.8) 
Then the smooth estimate of one-sided PSD can be obtained as [25] 
 
 
1'
0
1
ˆ ˆ 2 cos
lagm
c
l j j
jlag lag
l jlg g r D r
m m
ν τ π
π
−
=
⎛ ⎞ ⎡ ⎤Δ= = +⎜ ⎟ ⎢ ⎥⎜ ⎟ ⎢ ⎥⎝ ⎠ ⎣ ⎦∑  (2.9) 
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2.1.3 Weakly Stationary Gaussian Process  
Let ( )A t  be a zero-mean, real-valued, stationary Gaussian process with the 
autocorrelation function ( ) [ ( ) ( )]r E A t A tτ τ= +  and one-sided power spectral density 
( )g ν . Then ( )A t  has the spectral representation of  
 
 
0
( ) [cos ( ) sin ( )]A t tdU tdVν ν ν ν∞= +∫  (2.10) 
in which ( )U ν  and ( )V ν  are independent Gaussian processes with real-valued, zero-
mean, and orthogonal increments. Equation (2.10) is impractical to generate the 
samples of the process ( )A t  because the equation involves an infinite number of 
random variables in the processes of ( )U ν  and ( )V ν  [16],[34].  
Therefore, samples of ( )A t  are generated by a discrete approximation of order 
q of Equation (2.10) which is given by 
 
 
1
( ) { cos( ) sin( )}
q
q k k k k k
k
A t V t W tσ ν ν
=
= +∑  (2.11) 
where kV and kW  are the independent Gaussian random variables with zero mean and 
unit variance, and 2kσ  ( 1,2,...,k q= ) are defined by  
 
 
'
'
1
2
2 ( )
( )
k
k
k
k kk
g d
g
ν
νσ ν ν
ν νσ
−
=
≈ Δ
∫  (2.12) 
in which kν  is the midpoint of a frequency interval ' '1( , )k kν ν− , and ( )g ν  is the 
one-sided PSD of ( )A t  [16],[34].  
Figure 2.2 illustrates the spectral density ( )g ν of ( )A t  and a partition of 
frequency range (0, 'cν ) in q nonoverlapping intervals. The cutoff frequency 'cν  
must be large enough to include most of the power of the process. 2kσ  represents 
the contribution of the power in the frequency interval ' '1( , )k kν ν−  to the total 
variance of the process ( )A t  [16],[34].  
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Figure 2.2: One-Sided Power Spectral Density of ( )A t   
 
2.1.4 Generation of Ground Acceleration by a Stationary Gaussian Process 
As an example of modeling of earthquake ground motion by a stationary process, 
consider the acceleration time history record of the1940 El Centro earthquake in 
Figure 2.3. Earthquake ground motion is nonstationary random processes in general 
[34]. However, the strong ground motion portion corresponding to the time range of 
1.3 to 5.9 seconds can be assumed to be a sample of a stationary process. Assuming 
the strong ground acceleration portion is the sum of a large number of independent 
stochastic processes, the ground acceleration can be approximated by a Gaussian 
process based on the central limit theorem [34].  
However, the reference ground motion data in [1.3,5.9]t =  seconds is 
insufficient to accurately estimate the autocorrelation function of the process. Thus, an 
additional assumption is made that the strong motion portion is a sample of stationary 
first-order Gaussian Markov process with zero-mean.  
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Figure 2.3: N-S component of the El Centro Earthquake at Imperial Valley in 
California on May 18, 1940 (Ground motion data was obtained from Cosmos Virtual 
Data Center website [9]) 
 
Let ( )sA t  denote a stationary first-order Gaussian Markov process with zero-
mean; that is, ( )sA t  is the solution of the following stochastic differential equation  
 
 ( ) ( ) 2 ( )s sdA t A t dt dB tκ σ κ= − +  (2.13) 
where 2(0) ~ (0, )sA N σ , and ( )dB t  is the increment of Brownian motion [15],[32]. 
Then the autocorrelation function of ( )sA t  is  
 
 2 | |( )r e κ ττ σ −=  (2.14) 
where κ  is the positive constant, and 2σ  is the variance of ( )sA t  [23],[32],[34]. 
Substituting ( )r τ  to Equation (2.4) and using Equation (2.5) gives the one-sided 
spectral density function of ( )sA t  [34], 
 
 
2
2 2
2( )
( )
g σ κν π ν κ= +  (2.15) 
From the reference ground motion record, the variance of ( )sA t  is estimated as 
2σˆ =0.0145 g2. Then to estimate the positive constant κ  in Equation (2.15), let the 
estimated normalized autocorrelation function of ( )sA t  be  
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 2
( )ˆ ( )
ˆ
l
est l
r τρ τ σ=

 (2.16) 
in which ( )lr τ  can be estimated using Equation (2.6). The estimator of κ  can be 
obtained using the quadratic equation (2.17) in which the estimator κˆ  minimizes the 
sum of squared differences between | |( ) ll e
κ τρ τ −=  and ˆ ( )est lρ τ .  
 
 ( )2ˆ( ) ( ) ( )l est l
l
ε κ ρ τ ρ τ= −∑  (2.17) 
As shown in Figure 2.4, ( )ε κ  is minimized at ˆ 17.02κ = . Based on the optimized κ , 
( )ρ τ is compared to ˆ ( )estρ τ  in Figure 2.5. 
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Figure 2.4: Calculated errors between ( )ρ τ  and ˆ ( )estρ τ  of ( )sA t  for N-S El Centro 
Earthquake in 1940 
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Figure 2.5: Autocorrelation function of ( )sA t  for N-S El Centro Earthquake in 1940 
 
Using Equation (2.15) with the estimated parameters 2σˆ  and κˆ , the one-sided 
spectral density of ( )sA t  is presented in Figure 2.6. Assuming that most of power is 
included in the frequency range (0, 'cν ) in which the cutoff frequency 'cν  is 250 
rad/sec, 10,000 independent ground accelerograms are generated using Equation 
(2.11) with 5,000 non-overlapping intervals, i.e. kνΔ = 0.05 rad/sec. A sample of 
stationary ground accelerograms is presented in Figure 2.7. 
( )tρ
ˆ ( )est tρ
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Figure 2.6: One-sided spectral density of ( )sA t  for N-S El Centro Earthquake in 1940 
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Figure 2.7: A sample of ground motion generated by a stationary Gaussian process  
 
2.2 Estimation of Earthquake Damage for SDOF Systems 
A one-story structure can be idealized with a concentrated mass supported by a 
massless frame providing stiffness to the system and a viscous damper. The idealized 
system is shown in Figure 2.8 with lumped mass m, lateral stiffness k, and damping 
coefficient c. For dynamic analysis, such a structural system is called a single-degree-
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of-freedom (SDOF) system in which the system has only one DOF–lateral 
displacement [7]. 
 
 
Figure 2.8: Single-degree-of-freedom system 
 
Consider the linear elastic SDOF system (Figure 2.8) with the following 
properties: the mass m is 0.0283 lb-sec2/in, the stiffness k is 18.5790 lb/in, and the 
damping ratio ζ is 0.05. Using this structural model, this section introduces (1) the 
numerical evaluation of dynamic response of SDOF systems, (2) input-output relation 
of linear time invariant systems subjected to stationary ground excitation, and (3) 
failure probability analysis. 
 
2.2.1 Dynamic Responses for Linear Elastic SDOF Systems 
The equation of motion for a linear elastic SDOF system subjected to an external force 
( )p t  is 
 
 ( ) ( ) ( ) ( )mx t cx t kx t p t+ + =   (2.18) 
where m  is the mass, k  is the stiffness, and c  is the damping coefficient. When the 
SDOF model is subjected to earthquake ground motion, the external force ( )p t  can be 
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replaced by the earthquake force which equals to the mass m  times the ground 
acceleration ( )a t . 
 
 ( ) ( )p t ma t= −  (2.19) 
Substituting Equation (2.19) in Equation (2.18) and dividing by the mass m, the 
equation of motion can be rewritten as 
 
 2( ) 2 ( ) ( ) ( )x t x t x t a tζω ω+ + = −   (2.20) 
where ζ  is the damping ratio, and ω  is the natural frequency. The solution to the 
differential equation (2.20) can be obtained by Newmark’s method (see Algorithm 
2.2) [7],[14].  
 
The response of the structural model (Figure 2.8) under ground acceleration 
can be computed by the Newmark’s method. As an input to Algorithm 2.2, the natural 
frequency is computed as /k mω = =  25.6223 rad/sec. Using the 10,000 samples of 
stationary Gaussian ground acceleration (generated in Section 2.1.4) with a constant 
time step size 0.02tΔ = sec, 10,000 samples of displacement response ( )X t  are 
obtained. Figure 2.9 shows a sample of ( )X t . 
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Figure 2.9: A sample of displacement time history response 
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Algorithm 2.2: Newmark’s method: Solution method for linear SDOF systems [7],[14] 
  
     Input Parameters:      ω , ζ , tΔ , and ( )a t  
     Output Parameters:   ( )x t , ( )x t , and ( )x t  
     ( 1/ 2γ =  and 1/ 6β =  for linear acceleration method) 
 
(a) Initial conditions 
0 0x =  and 0 0x =  
 
(b) Mass, stiffness, and damping 
1m = , 2k mω= , and 2c mζω=  
(Note: m, k, and c are not real values of the system.) 
 
(c) External force 
( ) ( )p t ma t= −  
 
(d) Initial calculations 
0 0 0
0
p cx kxx
m
− −=   
2
1ˆ
( )
k k c m
t t
γ
β β= + +Δ Δ  
1A m c
t
γ
β β= +Δ  
1 1
2 2
B m t cγβ β
⎛ ⎞= + Δ −⎜ ⎟⎝ ⎠  
 
(e) Repeat calculations for each time steps 
      1i i ip p p −Δ = −  
1 1ˆ i i i ip p Ax Bx− −Δ = Δ + +   
 
ˆ
ˆ
i
i
px
k
ΔΔ =  
 1
2i i i i
x x x t x
t
γ γ γ
β β β
⎛ ⎞Δ = Δ − + Δ −⎜ ⎟Δ ⎝ ⎠
    
 2
1 1 1
( ) 2i i i i
x x x x
t tβ β βΔ = Δ − −Δ Δ    
 1i i ix x x−= + Δ , 1i i ix x x−= + Δ   , and 1i i ix x x−= + Δ    
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2.2.2 Statistical Analysis of Response of SDOF systems 
An important property of a linear system is that if the input excitation is a stationary 
process then the output response is also a stationary process. Hence, the expected 
value and covariance function of the output response are independent of time. In a 
particular case, the input process has zero-mean then so does the output [10],[13].  
Because the structural model (Figure 2.8) is assumed to be linear elastic and 
the input ground excitation is a zero-mean stationary Gaussian process, the 
displacement response ( )X t  is also a stationary Gaussian process with zero-mean and 
a time independent covariance function.  
 
(a) Mean of displacement response 
Using the 10,000 samples of ( )X t  obtained in Section 2.2.1, the mean of ( )X t  is 
estimated as  
 
 
10,000
1
1[ ( )] ( )
10,000 rr
E X t X t
=
≈ ∑  (2.21) 
where ( )rX t  are the samples of displacement response. As shown in Figure 2.10 in 
which maximum and minimum values on the y-axis are set to the average of the peak 
values of ( )rX t , 0.5524±  inches, the estimated mean of ( )X t  is approximately zero 
at any time. 
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Figure 2.10: Mean of ( )X t of the SDOF model 
 
(b) Covariance of displacement response  
Covariance function ( , )XXc t τ  of ( )X t  is 
 
 ( ) ( )( , ) [( ( ) )( ( ) )]XX X t X tc t E X t X tττ τ μ μ+= + − −  (2.22) 
where ( )X tμ  is the expected value of ( )X t , and τ  is the time lag. When ( )X t  is given 
at discrete values of time ti, ( )iX t , the covariance can be represented in a matrix form, 
called a covariance matrix, Σ . 
 
 
1 1 2 1
2 1 2 2
1 2
var( ( )) cov( ( ), ( )) cov( ( ), ( ))
cov( ( ), ( )) var( ( )) cov( ( ), ( ))
cov( ( ), ( )) cov( ( ), ( )) var( ( ))
n
n
n n n
X t X t X t X t X t
X t X t X t X t X t
X t X t X t X t X t
⎡ ⎤⎢ ⎥⎢ ⎥Σ = ⎢ ⎥⎢ ⎥⎣ ⎦
"
"
# # % #
"
 (2.23) 
where 1 2( ), ( ),..., ( )nX t X t X t  are column vectors of random variables corresponding to 
time ti [33]. The covariance matrix is symmetric, and the diagonal elements are the 
variances which equal to ( ,0)XXc t . 
The scaled covariance function or coefficient of correlation is 
 
 
( ) ( )
( , )( , ) XXXX
X t X t
c tt
τ
τξ τ σ σ+=  (2.24) 
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where ( )X tσ  is the standard deviation of ( )X t . 
The covariance and coefficient of correlation measure the dependency between 
two random variables. The covariance is zero for two independent random variables; 
otherwise, the covariance has non-zero value which changes according to the measure 
of the dependency of random variables. In addition, the scaled covariance has the 
limits of [-1, 1], and zero implies that two random variables are uncorrelated [3],[33]. 
Under the assumption of a stationary process, the covariance function of the 
displacement samples only depends on time lag τ  but is independent of time t. Figure 
2.11 shows the scaled covariance function estimated from the 10,000 samples of ( )X t . 
As shown in the figure, the covariance function has a maximum value equal to one at 
0τ =  and decreases as time lag increases. 
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Figure 2.11: Scaled covariance function of ( )X t  of the SDOF model 
 
2.2.3 Failure Rate of SDOF Systems 
Failure of a structure implies that a structure dose not performed as what it is designed. 
There are several factors related to the failure such as temperature, pressure, and 
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fatigue. The failure can occur when the response ( )Y t  of a structure first reaches a 
certain critical value cry , when a fraction of time in which ( ) crY t y≥  exceeds a 
predetermined fraction limit, or when an accumulation of small amount of damage 
reaches a certain fixed total damage [10].  
The failure in this chapter only refers that lateral displacement of a structure 
exceeds a critical threshold. Then failure rate can be estimated by counting the number 
of times that peak value of each displacement sample max | ( ) |rt X t  equals or exceeds a 
critical displacement crx  and then dividing by the total number of samples, sn   
 
 ( )
1
1 1 max | ( ) |
sn
F r crtrs
P X t x
n =
≈ ≥∑  (2.25) 
Using the 10,000 samples of ( )X t , the failure rate FP  of the structural model 
is estimated using Equation (2.25) with an approximate accuracy of 0.001. As a rule of 
thumb, a minimum number of samples sn  should be equal to or greater than 10 / FP  in 
order to estimate the failure probability FP  accurately [16].  
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Figure 2.12: Failure rate curve for the SDOF model 
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The resulting failure rate curve in Figure 2.12 shows the probability that the 
lateral displacement caused by an earthquake equals or exceeds a critical displacement. 
For example, the probability of earthquake-induced lateral displacement equal to or 
greater than 0.50 inches is estimated as 0.8155 (Refer to the dotted line in Figure 2.12). 
In other words, if the system is endurable against the maximum lateral displacement of 
0.50 inches, the probability of failure is estimated to be 0.8155. 
 
2.3 Earthquake Damage Estimation for MDOF Systems 
The approach to failure probability analysis of SDOF systems developed in Section 
2.2 can be extended to multi-degree-of-freedom (MDOF) systems. The equations of 
motion are developed first for a MDOF system subjected to earthquake-induced 
ground motion. Subsequently, the modal analysis procedure is introduced to determine 
the response of MDOF systems.  
As an illustrative example, a three-story structural model is selected. Based on 
the response of the structural model under the ground motion generated in Section 
2.1.4, the failure probability and the exceedance probability of repair cost are 
estimated.  
 
2.3.1 Structural Model for Linear Elastic MDOF Systems 
The three-story structural model in Figure 2.13(a) consists of steel columns which 
support aluminum floor slabs. Each aluminum floor slab is 12 inches in length, 18 
inches in width, and 0.53 inches in thickness and has a density of 165 pcf. The steel 
columns with the cross-sectional area of 0.25” × 0.125” and 14.5 inches in height are 
oriented with their weak axis in the direction of the ground motion. The material 
properties of the steel columns are listed as follows: the density is 490 pcf, the 
modulus of elasticity E is 29,000 ksi, and the moment of inertia I is 4.0690×10-5 in4. 
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Assumptions 
In order to simplify the dynamic analysis, the three-story structural model is idealized 
as a lumped mass model with three degrees of freedom (see Figure 2.13(b)). Then the 
following assumptions are made in the dynamic analysis: (1) the floors are infinitely 
stiff, (2) all connections are rigid, (3) the mass of the columns is negligible because it 
is less than 5% of the floor mass, (4) the structural response is linear elastic, and (5) 
Rayleigh damping is used with a damping ratio of 0.05 for the first two modes. 
 
 
 
(a) Isometric view  (b) Simplified model  
 
Figure 2.13: Three-story structural model 
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2.3.2 Equations of Motion for Linear Elastic MDOF Systems 
The equations of motion for linear elastic MDOF systems subjected to external forces 
( )p t  are 
 
 ( ) ( ) ( ) ( )mx t cx t k x t p t+ + =   (2.26) 
where m is the mass matrix, c  is the damping matrix, k  is the stiffness matrix, and 
( )p t  is the vector of external forces. When MDOF systems are subjected to ground 
motion, the external forces ( )p t  in Equation (2.26) can be replaced by 
 
 ( )  1 ( )p t m a t= −  (2.27) 
where 1 is the vector of ones, and ( )a t  is the ground acceleration. Substituting 
Equation (2.27) in Equation (2.26), the equations of motion can be rewritten as  
 
 ( ) ( ) ( )  1 ( )mx t cx t k x t m a t+ + = −   (2.28) 
For the three-story structural model in Figure 2.13, Equation (2.28) contains 
three coupled equations. Thus, the system properties m , c , k  can be expressed by 
3×3 matrices. 
 
Mass Matrix for the Structural Model 
The mass of each floor is 
 
 20.0283 lb-sec /in,   1, 2,3im i= =  (2.29) 
Then the mass matrix for the three-story structural model is  
 
 
1
2
3
0 0
0 0
0 0
m
m m
m
⎡ ⎤⎢ ⎥= ⎢ ⎥⎢ ⎥⎣ ⎦
 (2.30) 
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Stiffness Matrix for the Structural Model 
The story stiffness ki is the sum of the lateral stiffness of all columns in the story. 
Assuming linear elastic behavior and infinitely stiff floors, the story stiffness of the 
three-story structural model is computed as [7] 
 
 3
124 4 18.5790 lb/in,   1, 2,3ci col
EIk k i
h
= = = =  (2.31) 
With the story stiffness determined, the stiffness matrix is constructed as 
 
 
1 2 2
2 2 3 3
3 3
0
0
k k k
k k k k k
k k
+ −⎡ ⎤⎢ ⎥= − + −⎢ ⎥⎢ ⎥−⎣ ⎦
 (2.32) 
 
Natural Frequencies and Mode Shapes for the Structural Model 
The natural frequencies and mode shapes are obtained by solving the matrix 
eigenvalue problem below [7] 
 
 2 0,    1, 2, ,n mnk m n Nω φ⎡ ⎤− = = …⎣ ⎦  (2.33) 
where nω  is the natural frequency, nφ  is the mode shape vector of the n-th mode, and 
mN  is the total number of modes. The natural frequencies and corresponding mode 
shapes for the three-story structural model are shown in Figure 2.14.  
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Figure 2.14: Natural frequencies and mode shapes for the structural model 
 
Damping Matrix for the Structural Model 
Damping is the mechanism of energy dissipation which is necessary to address the 
decaying motion of a structure during free vibration [7]. If a structure has a similar 
damping mechanism throughout the structure, damping can be idealized as classical 
damping. A common type of classical damping used in most practical analyses of 
structures is Rayleigh damping [7]: 
 
 0 1c m kα α= +  (2.34) 
where 0α and 1α  are the coefficients. The damping ratio for the n-th mode is 
 
 0 11
2 2n nn
α αζ ωω= +  (2.35) 
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The coefficients 0α and 1α  can be determined from prescribed damping ratios jζ  and 
kζ  for the j-th and k-th modes. The damping ratios for these two modes are expressed 
in a matrix form, 
 
 0
1
1/1
1/2
j j j
k k k
ω ω ζα
ω ω ζα
⎡ ⎤ ⎧ ⎫⎧ ⎫ =⎨ ⎬ ⎨ ⎬⎢ ⎥ ⎩ ⎭⎣ ⎦ ⎩ ⎭
 (2.36) 
This system of equations can be solved to determine 0α and 1α . With structural 
properties m  and k  and coefficients 0α and 1α , the damping matrix of system can be 
computed using Equation (2.34) [7]. 
For the three-story structural model, the damping ratios of the first and second 
modes are assumed as 0.05 (5%). Based on the assumption of Rayleigh damping, the 
damping matrix can be constructed using Equation (2.34). Substituting the natural 
frequencies 1ω  and 2ω  and the specified 1ζ  and 2ζ , Equation (2.36) has the following 
solution: 0α =  0.8404 and 1α =  0.0023. The damping matrix of the three-story 
structural model is evaluated as 
 
 
0.0547 0.0214 0
0.0214 0.0547 0.0214    lb-sec/in
0 0.0214 0.0333
c
−⎡ ⎤⎢ ⎥= − −⎢ ⎥⎢ ⎥−⎣ ⎦
 (2.37) 
 
2.3.3 Modal Analysis 
If structure is a linear system with classical damping such as Rayleigh damping, the 
total response of an MDOF system is a linear combination of the modal responses. 
Thus, the dynamic response of linear MDOF systems can be expressed as [7]  
 
 
1
( ) ( )
mN
nn
n
x t q tφ
=
=∑  (2.38) 
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where mN  is the total number of modes, nφ  is the mode shape vectors, and ( )nq t  is 
the modal coordinate of the n-th mode at time t. 
Using the transformation of Equation (2.38), the governing equations (2.28) 
can be written in terms of the modal coordinates q, and then premultiplying by TΦ  
gives  
 
 ( ) ( ) ( )  1 ( )TM q t Cq t K q t m a t+ + = −Φ   (2.39) 
where ( )TM m= Φ Φ  is the modal mass matrix, ( )TC c= Φ Φ  is the modal damping 
matrix, ( )TK k= Φ Φ  is the modal stiffness matrix, and Φ  is the mode shape matrix 
[7]. The modal mass and stiffness matrices are diagonal matrices because of the 
orthogonality property of the mode shapes. The modal damping matrix is also a 
diagonal matrix based on the assumption of Rayleigh damping. 
 Dividing each uncoupled equation in Equation (2.39) by corresponding modal 
mass nM  gives 
 
 2( ) 2 ( ) ( ) ( )n n n n n n nq t q t q t a tζ ω ω+ + = −Γ   (2.40) 
where nζ  is the damping ratio, nω  is the natural frequency, and nΓ  is the modal 
participation factor for the n-th mode. The modal participation factor, indicating the 
contribution of the n-th mode to the total response, is given by  
 
 
1T
n
n
n
m
M
φΓ =  (2.41) 
where T
n
φ  is the transpose of the mode shape vector, and nM  is the modal mass for 
the n-th mode [7]. 
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Solution Method of Linear Elastic MDOF Systems  
Algorithm 2.3 summarizes the procedure to compute the response of MDOF systems 
using the modal analysis method [7],[14]. With the input parameters, m , k , and c , 
the modal parameters are computed in step (a). Then uncoupled modal equations can 
be obtained from the modal parameters nω , nζ , and nΓ  and the input ground 
acceleration ( )a t . Each modal equation can be solved by the Newmak’s method 
(Algorithm 2.2 in Section 2.2.1). The total response is obtained as the sum of the 
modal contributions as expressed by Equation (2.38). 
 
Algorithm 2.3: Newmark’s method: Solution method for linear MDOF systems 
[7],[14] 
 
  
      Input Parameters:      m , k , c , tΔ , and ( )a t  
      Output Parameters:   ( )x t , ( )x t , and ( )x t  
 
(a) Calculation for modal parameters 
Find nω  and nφ  from m  and k  
T
n n n
M mφ φ= , Tn n nK kφ φ= ,  and Tn n nC cφ φ=   
2
n
n
n n
C
M
ζ ω=  and 
1T
n
n
n
m
M
φΓ =  
 
(b) Calculation of modal responses using Algorithm 2.2 
Input Parameters: nω , nζ , tΔ , and ( )a t  
Output Parameters: ( )q t , ( )q t , and ( )q t  
(Note: ( )x t  in Algorithm 2.2 is now ( )q t ) 
( ) ( )n nq t q t= Γ  , ( ) ( )n nq t q t= Γ  , and ( ) ( )n nq t q t= Γ  
 
(c) Repeat calculations in step (b) for each mode 
 
(d) Calculation for displacement, velocity, and acceleration 
1
( ) ( )
mN
nn
n
x t q tφ
=
=∑ , 
1
( ) ( )
mN
nn
n
x t q tφ
=
=∑  , and 
1
( ) ( )
mN
nn
n
x t q tφ
=
=∑   
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2.3.4 Displacement Response of the Structural Model 
Using the modal analysis method (Algorithm 2.3), samples of displacement response 
of each story are calculated under the input ground accelerations produced by a 
stationary Gaussian process (Section 2.1.4). With the system properties, m , k , c , 
obtained in Section 2.3.2, the modal parameters of the three-story structure are 
computed (see Table 2.1). Since the first mode has a considerably large Γ  and low K  
compared to the other modes, it is predictable that the structural response is dominated 
by the first mode. The contribution of the first mode to the total response is presented 
in Figure 2.15 which shows the two responses almost coincide with respect to time. 
Hence, for the three-story structural model, the exact response of the system can be 
approximated by the first mode. 
 
 
3
1 1
1
( ) ( ) ( )
i i
i
x t q t q tφ φ
=
= ≈∑  (2.42) 
 
Table 2.1: Modal parameters of the three-story structure for n-th mode 
 
 Mode  Mode 1 Mode 2 Mode 3 
 Natural Frequency 
(rad/sec), nω   11.4030 31.9505 46.1698 
 
 
Mode Shape 
Vector, 
n
φ   
-0.3280
-0.5910
-0.7370
⎧ ⎫⎪ ⎪⎨ ⎬⎪ ⎪⎩ ⎭
 
0.9390
0.3280
-0.5910
⎧ ⎫⎪ ⎪⎨ ⎬⎪ ⎪⎩ ⎭
 
-0.5910
0.7370
-0.3280
⎧ ⎫⎪ ⎪⎨ ⎬⎪ ⎪⎩ ⎭
 
 Modal Mass 2(lb-sec /in) , nM   0.0283 0.0283  0.0283  
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 3.6798 28.8896  60.3256  
 Modal Participation Factor, nΓ   -1.6560 0.4740  -0.1820  
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Figure 2.15: Comparison of the total displacement response and displacement 
response due to the first mode of the three-story structure (solid line: total response; 
dotted line: response due to the first mode) 
 
2.3.5 Statistical Analysis of Response of MDOF Systems 
The SDOF system in Section 2.2.2 shows the simplest type of input-output relations of 
linear time-invariant system which has single-input and single-output. The basic idea 
of the input-output relations can be extended to MDOF systems having single-input 
(ground excitation) and multi-outputs (story displacement responses). If the input 
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excitation is assumed to be zero-mean stationary Gaussian, the output responses of the 
linear elastic MDOF systems are also stationary Gaussian processes with zero-mean 
[10]. 
 
(a) Mean of displacement response of the Structural Model 
Using the 10,000 samples of displacement response of each i-th story, ( ) ( )irX t  where 
1,2,...,10,000r = , the mean of ( ) ( )iX t  is estimated as 
 
 
10,000
( ) ( )
1
1[ ( )] ( ),    1, 2,3
10,000
i i
r
r
E X t X t i
=
≈ =∑  (2.43) 
Similar to the result of the SDOF system, the estimated mean of ( ) ( )iX t  for each story 
is approximately zero at any time t as shown in Figure 2.16. 
 
(b) Covariance of displacement response of the structural model 
The covariance function of displacement responses ( ) ( )jX t  and ( ) ( )kX t  (where the 
story numbers , 1, 2,3j k = ) is  
 
 ( ) ( ) ( ) ( )( ) ( )( ) ( )( , ) [( ( ) )( ( ) )]j k j k
j k
X X X t X t
c t E X t X tττ τ μ μ−= − − −  (2.44) 
where ( ) ( )( ) [ ( )]j
j
X t
E X tμ =  and τ  is the lag time. Then scaled covariance function is 
 
 ( ) ( )( ) ( )
( ) ( )( ) ( )
( , )
( , ) j kj k
j k
X X
X X
X t X t
c t
t
τ
τξ τ σ σ+
=  (2.45) 
Figure 2.17 shows the estimated scaled covariance functions with the 
corresponding maximum values. Because the displacement responses are stationary, 
the covariance function only depends on the time lag τ . The scaled covariance 
functions for all cases have their maximum values at 0τ = , and the amplitudes of the 
covariance functions decrease as τ  increases. It is notable that the maximum values of 
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the covariance functions between two different story displacements, ( ) ( )jX t  and 
( ) ( )kX t  where j k≠ , are also close to one at 0τ = . This shows that there is a strong 
correlation between two different story displacements [3]. To illustrate the correlation, 
the story displacements ( ) ( )jX t  versus ( ) ( )kX t  where j k≠  are presented in Figure 
2.18 in which linear relationships are observed.  
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Figure 2.16: Mean of ( ) ( )iX t  of the three-story model (maximum and minimum 
values on the y-axis are set to the average of the peak values of ( ) ( )irX t ) 
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Figure 2.17: Scaled covariance functions of story displacement of the three-story 
model 
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Figure 2.18: Linear relationship between two different story displacements  
 
2.3.6 Failure Rate of MDOF Systems 
 
Failure Rate due to an Earthquake 
For MDOF systems, the failure rate can be developed for each story based on 
interstory displacement ( ) ( )i tΔ  defined by 
 
 
( ) ( 1)
( )
( )
2( ) ( )
( )      
1( )
i i
i
i
iX t X t
t
iX t
− ≥⎧ −Δ = ⎨ =⎩
 (2.46) 
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where ( ) ( )iX t  is the displacement response of the i-th story. In a similar manner as 
that developed for SDOF systems in Section 2.2.3, failure rate of each story can be 
estimated as 
 
 ( )( ) ( )
1
1 1 max | ( ) |
sn
i i
F r crtrs
P t
n
δ
=
≈ Δ ≥∑  (2.47) 
where ( ) ( )ir tΔ  is the samples of the interstory displacement of the i-th story, crδ  is the 
critical interstory displacement, and sn  is the total number of samples,. Using the 
10,000 samples of ( ) ( )i tΔ  of each i-th story ( 1,2,3i = ), the failure probabilities of the 
structural model are estimated, and the resulting curves are presented in Figure 2.19 
(solid lines). 
 
Lifetime Failure Rate  
As introduced in Section 2.1.1, earthquake occurrences can be modeled by a Poisson 
process. Let *n  be the number of particular earthquakes which cause max | ( ) | crt t δΔ ≥ . 
Then the probability that *n  earthquakes will occur during the lifetime of structure st  
can be expressed as 
 
 
*
*
*
( )*
*
( ( ) )( ( ) )
!
F cr s
n
tF cr s
s
tP N t n e
n
λ δλ δ −= =  (2.48) 
where * ( )F crλ δ  is the mean occurrence rate of the particular earthquakes which can be 
obtained by 
 
 
( )*
*
( ) 1 ( )
( ( ))
F cr
F cr
cr
F cr
F
P
λ δ λ
λδ
δ
λ δ
= −
=  (2.49) 
where ( )crF δ is the cumulative distribution function (CDF) of the peak interstory 
displacement and its complement is the failure rate function ( )F crP δ .  
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Using Equation (2.48), the probability of no occurrence of such earthquakes 
during the lifetime st  is 
 
 ( ) * ( )( ) 0 s F crtsP N t e λ δ−= =  (2.50) 
Then lifetime failure probability LFP  of a structure can be obtained by 
 
 ( )1 ( ) 0LF sP P N t= − =  (2.51) 
The lifetime failure probability curves for the structural model are presented in Figure 
2.19 (dotted lines) assuming 0.6 quakes/yearλ = and 50st = years. 
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Figure 2.19: Failure rate curves of the three-story structural model (solid lines: failure 
rate due to an earthquake, dotted lines: lifetime failure rate) 
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2.3.7 Repair Cost Probability of the Three-Story Model 
The repair cost probability, as considered in this section, represents the probability that 
seismic repair cost equals or exceeds a certain critical repair cost (i.e. an upper bound 
of the repair cost). The failure rate curve discussed in the previous section can be used 
to assess the probability of damage level of a structure due to future earthquakes, 
whereas repair cost probability curve is appropriate for estimating monetary loss 
because it directly presents the likelihood of future damage costs. 
 
Repair Cost Functions 
Based on the assumption that the lateral displacement is a primary basis of measuring 
seismic damage of a structure [18], repair cost functions can be expressed in terms of 
interstory displacement. Assuming a repair cost is incurred when the interstory 
displacement δ  is equal to or greater than 0.7 inches, the following two arbitrary 
functions, 1( )C δ  and 2 ( )C δ , are used as repair cost functions for the structural model.  
 
 1
50( 0.7) 0.7
( )      
0 0.7
C
δ δδ δ
− ≥⎧= ⎨ <⎩  (2.52) 
 
2( 0.7)
2
0.73( 1)
( )      
0.70
e
C
δ δδ δ
− ≥⎧ −= ⎨ <⎩
 (2.53) 
 40
0 0.5 1 1.5 2 2.5 3
0
50
100
150
200
250
300
Interstory Displacement (inches)
R
ep
ai
r C
os
t (
$)
 
 
1st Cost Function
2nd Cost Function
 
Figure 2.20: Repair cost functions 1C  and 2C in terms of interstory displacement 
 
Exceedance Probability of Repair Cost  
Let C  be a random variable denoting repair cost of a structure. Then the exceedance 
probability of repair costs due to an earthquake is given by  
 
 
( )
( )
1
1
1
( ) max | ( ) | ( )
1 1 max | ( ) |( ( ))
s
RC cr n
RC cr
crt
n
r n crtrs
P
P C c P t C c
t CC c
n
c
−
−
=
>
≥ = Δ ≥
≈ Δ ≥∑  (2.54) 
where crc  is the critical cost, max | ( ) |t tΔ  is the maximum interstory displacement, sn  
is the total number of samples, and nC  is the repair cost function, 1C  or 2C . The 
inverse of repair cost function, 1( )n crC c
− , yields a interstory displacement inducing the 
critical repair cost crc . 
Using the 10,000 samples of ( )max | ( ) |i
t
tΔ  of the structural model (where the 
story number 1,2,3i = ), the exceedance probabilities of the repair costs ( ) ( )iRC crP C c>   
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due to an earthquake are estimated from Equation (2.54). The resulting probability 
curves are presented in Figures 2.21 and 2.22 with solid lines. 
Lifetime repair cost probability is derived in a similar manner as described for 
the lifetime failure probability in Section 2.3.6. From the probability curves (solid 
lines) in Figures 2.21 and 2.22, mean arrival rate of particular earthquakes causing 
crC c≥  is obtained as 
 
 * ( ) ( )RC cr RC crc P C cλ λ= ≥  (2.55) 
Based on the assumption of a Poisson process for earthquake occurrence, the 
exceedance probability of the lifetime repair costs is derived as 
 
 
( )
* ( )
( ) 1 (
( )
) 0
1 s RC crLRC cr
LRC cr s
t c
P C c P N t
eP C c λ−
> = −
= −>
=
 (2.56) 
Assuming 0.6λ =  quakes/year and 50st =  years, the exceedance probability 
functions of the lifetime repair costs are presented in Figures 2.21 and 2.22 with dotted 
lines. 
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CHAPTER 3 
LINEAR ANALYSIS OF EIGHT-STORY BUILDING 
 
In this chapter, seismic analysis of an existing building is performed in order to 
estimate probable economic loss. The study model is an eight-story residential 
building located in Los Angeles, southern California where some of the well known 
faults underlie such as San Andreas, Newport-Inglewood, Whittier, and more. For 
reliable estimation of seismic structural performance, artificial accelerograms are 
generated based on ground motion data recorded in the study region. The methods for 
seismic response analysis of linear MDOF systems have been developed in Chapter 2 
with providing essential background in structural dynamics. Utilizing the analysis 
methods, the procedure to construct fragility curves is developed. The fragility curve 
represents the probability that building damage exceeds a specified damage state under 
various levels of ground motion intensity measure. These damage state probabilities 
are then converted to dollar value of loss related to structural and nonstructural 
damage and economic aspects of damage. 
 
3.1 Steel Moment Resisting Frame 
Steel frames have been used in building construction for more than a century. In some 
cases, steel frames are designed to support gravity loads with very small capacity of 
moment resisting, but in the other case, steel frames are designed to have full 
resistance to lateral loads, called steel moment resisting frames. In general, steel 
moment frames are more flexible than other lateral resisting systems such as shear 
walls and braced frames. This low stiffness can produce large interstory displacement 
that may result relatively greater nonstructural damage [18]. 
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As building codes are developed to require a high level of earthquake resistant 
design, designers began to design fully restrained connections. In the late 1950’s, 
structural welding which had begun in the shipbuilding industry became widespread in 
the building industry as a mean of designing stronger and fully restrained connections. 
Currently, welded steel moment frame (WSMF) construction is commonly used for 
mid- and high-rise buildings in the United States and around the world [12].  
Prior to the 1994 Northridge earthquake, severe damage to WSMF structures 
had rarely been reported in precedent earthquakes, and no failure of structures 
constructed in accordance with contemporary practice was reported. Thus, this type of 
construction was considered as the most ideal structural system for lateral resistance. 
However, such structural systems were re-evaluated after the Northridge earthquake 
because of the widespread reports of structural damage [12]. 
 
 
Figure 3.1: Typical welded moment resisting connection prior to 1994 [12] 
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The typical connection of WSMF prior to the Northridge earthquake shown in 
Figure 3.1 was expected to have large plastic capacity to remain ductile after reaching 
its yield capacity. However, investigation of structural damage due to the Northridge 
earthquake showed brittle fractures developed at much lower level of plastic demand 
than originally intended. Thus, significant modifications were made to improve the 
moment connection.  
Special moment resisting frames, moment frames after the Northridge 
earthquake, were developed to have maximum flexural demand. In one case, the frame 
is designed to have plastic deformation at pre-determined locations within the beam 
span by reducing the flange width for plastic hinging (Refer to Figure 3.2) [11],[12].  
 
 
Figure 3.2: Reduced Beam Section (RBS) connection [11] 
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3.2 Building Description 
An eight-story residential building located in Los Angeles, California is used to 
perform seismic damage analysis. The lateral load resisting system of the building is 
composed of steel moment frames designed per UBC 97 [35], and the structural steel 
conforms to ASTM A992 with a minimum yield stress of 50 ksi. Figure 3.3 shows the 
layout of moment frames in the plan view (shown as ►―◄) and an elevation view of 
the N-S moment frames. 
The structure has a typical floor area of 8,775 ft2; each floor is occupied by a 
residential use (7905 ft2) and corridor (870 ft2). A typical story height is 10.25 ft, 
except for the first story which has a story height of 10 ft. The design dead loads are as 
follows: 45 psf for roof and 91 psf for typical floor. The live loads are determined in 
accordance with UBC 97 [35]; 20 psf for roof, 40 psf for residence area, 100 psf for 
corridor, and 100 psf for stairs. 
The seismic response analysis is performed with ground motion applied along 
the N-S direction. In the analysis, the eight-story building is simplified to a lumped 
mass linear elastic model in which each concentrated mass has one degree-of-freedom 
representing the lateral displacement of the story. The gravity frames, having 
negligible capacity of lateral force resistance, are not taken into account in story 
stiffness. 
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3.3 Seismic Response Analysis of the Eight-Story Building 
To evaluate the seismic reliability of the eight-story building, a large number of 
ground motions are generated that represent possible future earthquakes in the region. 
Earthquake ground motions are modeled by a stationary Gaussian process based on 
the recorded accelerogram of the 1994 Northridge earthquake. Under the ground 
motions generated, the response samples of the building are obtained by implementing 
the dynamic analysis method of linear MDOF systems (Section 2.3). 
 
3.3.1 Generation of Stationary Ground Motion 
Because recorded accelerograms are generally limited at a site, it is necessary to 
generate artificial earthquake ground motions for a proper estimation of building 
performance [22]. Thus, ground motion acceleration in the study region is modeled by 
a stationary Gaussian process based on the time history record of the 1994 Northridge 
earthquake (component: 360 deg) measured at UCLA Grounds (Station #: 24688) at 
Los Angeles (Refer to Figure 3.4) [9]. 
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Figure 3.4: Ground motion acceleration of the 1994 Northridge earthquake 
(component: 360 deg) recorded at UCLA station (Ground motion data was obtained 
from Cosmos Virtual Data Center website [9]) 
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Following the procedure for modeling stationary ground motion described in 
Section 2.1.4, the strong ground motion portion corresponding to the time range of 5.7 
to 9.0 seconds is assumed as a sample of a stationary first-order Gaussian Markov 
process ( )sA t  with zero-mean and the autocorrelation function, 
2 | |( )r e κ ττ σ −= . Thus 
the one-sided spectral density of ( )sA t  is 
2 2 2( ) 2 / ( )g ν σ κ π ν κ= + . Using the 
reference ground motion record of ( )sA t , the variance 
2σ  and positive constant κ  are 
estimated as 2σˆ = 0.0201 and κˆ = 39.60, and accordingly, the estimated functions of 
( )r τ  and ( )g ν  are shown in Figure 3.5. From the one-sided spectral density function 
( )g ν , see Figure 3.5(b), the cutoff frequency 'cν  is set to 500 rad/sec. Then 10,000 
samples of input ground acceleration are generated using Equation (2.11) with 10,000 
non-overlapping intervals, i.e. kνΔ = 0.05 rad/sec [23],[34]. Figure 3.6 shows a 
sample of the stationary ground acceleration.  
 
Figure 3.5: Normalized autocorrelation function and one-sided PSD of the 1994 
Northridge earthquake 
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Figure 3.6: A sample of ground motion acceleration modeled by a stationary Gaussian 
process based on the time history record of the 1994 Northridge earthquake 
 
3.3.2 System Properties of the Eight-Story Building 
For the eight-story building subjected to earthquake-induced ground motion, the 
equations of motion can be written as ( ) ( ) ( ) 1 ( )mx t cx t k x t m a t+ + = −   (Repeat of 
Equation (2.28)) where m is the mass matrix, c  is the damping matrix, k  is the 
stiffness matrix, ( )x t  is the vector of relative displacements, and ( )a t  is the 
earthquake-induced ground acceleration [7]. 
 
Mass Matrix 
The eight-story building is idealized as a lumped mass system with the mass mi 
which is determined from the sum of the dead and live loads at the i-th floor level. 
The lumped mass at a typical floor (1st through 7th) is 1 7... 3113m m= = =  
2lb-sec /in , and 8 1658m =  2lb-sec /in  for the roof (8th). The mass matrix of the 
eight-story building is 
 
 
1
8
0 0
0
0
0 0
m
m
m
⎡ ⎤⎢ ⎥⎢ ⎥= ⎢ ⎥⎢ ⎥⎣ ⎦
"
% % #
# % %
"
 (3.1) 
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Stiffness Matrix 
The story stiffness ik  is the sum of the lateral stiffness of all frames in the i-th story. If 
shear deformations in structural elements are neglected, ik  can be written as 
 
 3
24 12 1
12 4
c
i frame
i
EIk k
h
ρ
ρ
+= = +∑ ∑  (3.2) 
where hi is the story height, E=29,000 ksi, / 4b cI Iρ =  is the beam-column stiffness 
ratio, and bI  and cI are the moment of inertia of beam and column [7].  
 
Table 3.1: Moment of inertia of the N-S moment frame elements [1] 
 
Story Height (ft) Column Size 4(in )cI  Beam Size 
4(in )bI  
1 10.00 W14 257×  3400 W16 89×  1310  
2-3 10.25 W14 257×  3400 W16 89×  1310  
4-6 10.25 W14 233×  3010 W16 77×  1120  
7-8 10.25 W14 211×  2660 W16 67×  970  
 
The story stiffnesses are as follows: 1k = 3,435,720 lb/in, 2k = 3k = 3,190,407 lb/in, 
4k = 5k = 6k = 2,794,025 lb/in, and 7k = 8k =2,453,820 lb/in. Thus the stiffness matrix of 
the structure is 
 
 
1 2 2
2
8
8 8
0 0
0 0
0 0
k k k
k
k
k
k k
+ −⎡ ⎤⎢ ⎥−⎢ ⎥⎢ ⎥= ⎢ ⎥−⎢ ⎥⎢ ⎥−⎣ ⎦
"
% % % #
% % %
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"
 (3.3) 
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Natural Frequencies and Mode Shapes 
Determined by solving the eigenvalue problem in Equation (2.33), the natural 
frequencies nω  and mode shapes nφ  of the structure are presented in Figure 3.7, with 
the corresponding modal participation factors nΓ .   
Regarding the dynamic analysis of multi-mode structural systems, it is 
common that the first few modes contribute significantly to the total displacement 
response of buildings while higher-mode contributions are negligible [7]. For the 
eight-story building the contribution of the first mode is the largest, and the modal 
contributions to the response decrease for higher modes (see Figure 3.7). Therefore, 
the total response is mainly dominated by the first mode. 
 
Damping Matrix 
For a typical steel building, the suggested value of the elastic damping ratio is in 
between 5 to 7% [17]. In this study, the damping ratios of the eight-story structure are 
assumed as 5% for the first and second modes. Assuming Rayleigh damping, the 
damping matrix c  is expressed as a linear combination of the mass and stiffness 
matrices with two coefficients 0α and 1α  as given in Equation (2.34). Using the 
natural frequencies, 1ω  and 2ω , and the specified damping ratios, 1ζ  and 2ζ , the two 
coefficients are computed as 0 2.9279α =  and 1 0.0009α =  using Equation (2.36). 
Then the damping matrix is 
 
 2.9279 0.0009c m k= +  (3.4) 
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Figure 3.7: Modes of the eight-story building 
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3.3.3 Statistical Analysis of Responses and Evaluation of the Dominant Mode 
 
Input-Output Relations 
Using the samples of a zero-mean stationary Gaussian ground acceleration ( )sA t  
generated in Section 3.3.1, samples of the building responses, i.e. story displacement 
and acceleration, are obtained by the modal analysis method, see Algorithm 2.3. Since 
the system is assumed to be linear elastic, the displacement and acceleration responses 
of each story, ( ) ( )iX t  and ( ) ( )iX t  where 1,2, ,8i = … , are zero-mean stationary 
Gaussian processes [10],[13].  
 
(a) Mean values of the building responses, ( ) ( )iX t  and ( ) ( )iX t  
Figure 3.8 shows the estimated mean values of ( ) ( )iX t  and ( ) ( )iX t  of the odd-
numbered floors ( 1,3,5,7i = ). The figure illustrates that the mean of the response 
samples is very close to zero at any time t as that of the samples of ground acceleration.  
 
(b) Covariance functions of the building responses, ( ) ( )iX t  and ( ) ( )iX t  
The covariance is employed to show the statistical relation between two random 
variables. In Figure 3.9, the maximum covariances between two different story 
displacements, ( ) ( )jX t  and ( ) ( )kX t  where j k≠ , are observed at lag time 0τ ≈ . Thus, 
it is predictable that the two different story displacements have a strong correlation, 
and the first mode is dominant in the story displacement response. However, the 
scaled covariance functions between two different story accelerations, ( ) ( )jX t  and 
( ) ( )kX t  where j k≠ , do not show a strong dependency at 0τ = , see Figure 3.10. 
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Figure 3.8: Mean of the responses for the eight-story building 
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Figure 3.9: Scaled covariance of story displacement of the eight-story building 
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Figure 3.10: Scaled covariance of story acceleration of the eight-story building 
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Figure 3.11: Exact solutions and responses due to n-th mode of the 1st story 
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Evaluation of the Dominant Mode 
The exact solutions for the first story responses (1) ( )x t  and (1) ( )x t , obtained from a 
combination of the modal contributions according to Equation (2.38), are shown in 
Figure 3.11 (top). In the same figure, the first story responses due to the n-th mode, 
(1) ( )n thx t−  and 
(1) ( )n thx t−  where 1,2, ,8n = … , are presented to show the contributions of the 
various modes. The total displacement response is significantly dominated by the first 
mode while the contributions of higher modes decrease progressively. However, the 
total acceleration response is largely influenced by the acceleration responses due to 
the first five modes. The responses of the other stories also follow the similar pattern 
as the first story; that is, displacement responses are dominated by the first mode, and 
acceleration responses are governed by a combination of several modal responses. 
 
3.4 Failure Rate of the Eight-Story Building 
Buildings are composed of both structural (load-carrying) and nonstructural 
components (e.g. architectural, mechanical, electrical, and plumbing components). 
Damage to the structural system is primarily a function of interstory drift, and damage 
to nonstructural components is a function of interstory drift or floor acceleration [18]. 
In this study, maximum interstory drift ratio and floor acceleration, ( )max | ( ) |iRt tΔ  and 
( )max | ( ) |ift A t , are considered as damage indicators for the estimation of failure 
probability. Interstory drift ratio ( ) ( )iR tΔ  of the i-th story is defined by 
 
 
( )( ) ( 1) ( )( )
( ) ( )
( ) ( ) / ,   2
( )
( ) /                     ,   1
i i i
i
R i i
X t X t h i
t
X t h i
−⎧ − ≥⎪Δ = ⎨ =⎪⎩
 (3.5) 
where ( )ih  is the height of the story, and floor acceleration ( ) ( )ifA t  of the i-th floor can 
be computed from  
 
 ( ) ( )( ) ( ) ( )i ifA t a t X t= +   (3.6) 
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in which ( )a t  is the input ground acceleration and ( ) ( )iX t  is the acceleration response 
of the i-th story which can be determined by the modal analysis method [7].  
Then the failure probability of the i-th story is estimated as  
 
 
10,000
( ) ( )
1
1 1( ),    1, 2, ,8
10,000
i i
F j cr
j
P DM dm i
=
≈ ≥ =∑ …  (3.7) 
where ( )ijDM  is the sample of Damage Measure, i.e. 
( )(max | ( ) |)iR jt tΔ  or 
( )(max | ( ) |)if jt A t , and crdm  is the critical value of the damage measure, i.e. the critical 
interstory drift ratio ,R crδ  or floor acceleration ,f cra .  
 
Lifetime Failure Probability 
Based on the assumption of a Poisson process for the occurrence of earthquakes, the 
lifetime failure probability of the building can be developed from the failure 
probability due to an earthquake (refer to the procedure described in Section 2.3.6).  
In this study, the lifetime of the eight-story structure is assumed to be 75 years. 
To estimate the mean occurrence rate of earthquakes, the table of Significant Los 
Angeles Area Earthquakes provided by USGS [37] is employed, see Table 3.2. The 
table shows that 19 earthquakes, ranging in magnitude from 4.8 to 6.7, have been 
recorded since 1920. Thus, the mean occurrence rate of earthquakes is estimated as 
ˆ 0.2159λ = quakes/year. Then the mean occurrence rate * ( ) ( )iF crdmλ  of particular 
earthquakes causing ( )i crDM dm≥  is obtained by 
 
 * ( ) ( )( ) 0.2159 ( )i iF cr F crdm P dmλ =  (3.8) 
where ( ) ( )iF crP dm  is the failure rate of the i-th story at given crdm . Using Equations 
(2.50) and (2.51), the lifetime failure probabilities are estimated as 
 
 
* ( )75 ( )( ) 1
i
crF dmi
LFP e
λ−= −  (3.9) 
The resulting failure probability curves are presented in Figures 3.12 and 3.13.  
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Figure 3.12: Failure rates of the eight-story building in terms of interstory drift ratio  
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Figure 3.13: Failure rates of the eight-story building in terms of floor acceleration  
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3.5 Fragility Curves 
Failure rate curves discussed in the previous section in essence represent the 
probability of exceedance of peak building response whereas fragility curves show the 
conditional probability of reaching or exceeding a particular damage state as a 
function of earthquake intensity measure. Fragility curves are often represented by 
lognormal distribution functions with two parameters. 
In this section, the procedure to develop fragility curves is described and 
applied to the eight-story building as a mean of evaluating its seismic vulnerability. 
 
3.5.1 Damage of Structural and Nonstructural Components 
Buildings are composed of both structural (load-carrying) and nonstructural 
components (e.g., architectural, mechanical, electrical, and plumbing components). 
For fragility analysis, these components are treated separately and their damage levels 
are classified in terms of one of four damage states: Slight, Moderate, Extensive, and 
Complete [18].  
 
Structural Damage 
To assess structural damage of steel moment frame buildings, maximum interstory 
drift is the basic parameter used because it is assumed to be about the same as the drift 
angle demand on nearby beam-column connections [12]. General descriptions of the 
four damage states for the steel moment frame are provided below [18]: 
 
Slight Structural Damage: Minor deformations in connections or hairline 
cracks in few welds.  
Moderate Structural Damage: Some steel members have yielded 
exhibiting observable permanent rotations at connections; few welded 
connections may exhibit major cracks through welds or few bolted 
connections may exhibit broken bolts or enlarged bolt holes.  
Extensive Structural Damage: Most steel members have exceeded their 
 65
yield capacity, resulting in significant permanent lateral deformation of the 
structure. Some of the structural members or connections may have 
exceeded their ultimate capacity exhibited by major permanent member 
rotations at connections, buckled flanges and failed connections. Partial 
collapse of portions of structure is possible due to failed critical elements 
and/or connections.  
Complete Structural Damage: Significant portion of the structural 
elements have exceeded their ultimate capacities or some critical structural 
elements or connections have failed resulting in dangerous permanent 
lateral displacement, partial collapse or collapse of the building. 
Approximately 8%(low-rise), 5%(mid-rise) or 3%(high-rise) of the total 
area of [steel moment frame] buildings with Complete damage is expected 
to be collapsed.  
 
Based on building type and seismic design level of the eight-story building, high-rise 
steel moment frame building designed to high seismic standards, the threshold values 
of damage to structural components are summarized in Table 3.3 [18].  
 
Table 3.3: Threshold of moment frames for structural damage [18] 
Damage States Slight Moderate Extensive Complete 
Structural Component 
(Interstory Drift Ratio) 0.003 0.006 0.015 0.040 
 
Nonstructural Damage 
Typical nonstructural components are architectural, mechanical, electrical, and 
plumbing components. These nonstructural components are grouped into two 
categories–drift-sensitive and acceleration-sensitive components–because it is 
impractical to assess damage for individual nonstructural component. Damage to drift-
sensitive nonstructural components is primarily a function of interstory drift, and 
damage to acceleration-sensitive nonstructural components is a function of floor 
acceleration [18]. The following table summarizes the threshold values of damage to 
nonstructural components.  
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Table 3.4: Thresholds of moment frames for nonstructural damage [18] 
Damage States Slight Moderate Extensive Complete 
Nonstructural Drift-sensitive 
Component 
(Interstory Drift Ratio) 
0.004 0.008 0.025 0.050 
Nonstructural Acceleration-
sensitive Component 
(Floor Acceleration, g) 
0.30 0.6 1.20 2.40 
 
3.5.2 Fragility Curves by a Linear Dynamic Analysis Method 
Damage prediction can be expressed in terms of the probability of a building being in 
or exceeding any of the four damage states [18],[21]. The step-by-step procedure for 
estimating damage probability of a building is described below and applied to the 
eight-story building. 
 
Step 1: Incremental Dynamic Analysis 
Incremental dynamic analysis (IDA) is a parametric analysis method to estimate 
structural performance under several earthquake ground motions [38]. The IDA 
provides prediction of the relationship between seismic demand and capacity [2],[39]. 
The IDA method involves producing curves of damage measure versus intensity 
measure under the effect of ground motions, each scaled to several levels of intensity 
measure [21],[38]. 
In this study, peak structural response (maximum interstory drift ratio 
( )max | ( ) |iRt tΔ  or floor acceleration 
( )max | ( ) |ift A t  in which i is the story level) is used 
as a parameter for estimating Damage Measure DM, and first mode spectral 
displacement 1 1( , )dS T ζ  or acceleration 1 1( , )aS T ζ  is used as Intensity Measure IM of 
ground motion. The IM indicators 1 1( , )dS T ζ  and 1 1( , )aS T ζ , corresponding to the first 
mode period 1T  and damping ratio 1ζ , are defined by [7]  
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1 1 1 1
1 1 1 1
( , ) max | ( , , ) |    and
( , ) max | ( , , ) |
d t
a ft
S T x t T
S T a t T
ζ ζ
ζ ζ
≡
≡  (3.10) 
in which 
 
 1 1 1 1( , , ) ( ) ( , , )fa t T a t x t Tζ ζ= +   (3.11) 
where ( )a t  is the ground acceleration; the displacement and acceleration response of 
the first mode, 1 1( , , )x t T ζ  and 1 1( , , )x t T ζ , can be calculated by Algorithm 2.2.  
The procedure to construct IDA curves is summarized in Algorithm 3.1. For 
convenience of notation, 1 1( , )dS T ζ , 1 1( , )aS T ζ , ( )max | ( ) |iRt tΔ , and ( )max | ( ) |ift A t  are 
symbolized hereon by 1dS , 1aS , 
( )
,max
i
RΔ , and ( ),maxifA , respectively. 
 
Algorithm 3.1: Construction of IDA Curves [4],[38],[39] 
Step 1-1: Generate an accelerogram for the study area 
 
Step 1-2: Scale the accelerogram by a Scale Factor (SF), where (0, ]SF ∈ +∞  
 
Step 1-3: (a) Obtain IM of the scaled accelerogram by dynamic response analysis of 
the first mode (by Algorithm 2.2 and Equation (3.10)) 
i.e. 1dS  and 1aS  in this study 
 (b) Obtain DM of each story by dynamic response analysis of the 
structural model (by Algorithm 2.3 and Equations (3.5) and (3.6)) 
i.e. ( ),max
i
RΔ  and ( ),maxifA  in this study 
 
Step 1-4: Record each vector of (DM,IM) for plotting an IDA curve 
i.e. ( )( ),max 1,iR dSΔ and ( )( ),max 1,if aA S  in this study 
 
Step 1-5: Repeat Step 1-2 through 1-4 with higher SFs until IM reaches to 
predetermined value. 
Note: SF must be small enough to minimize error in the interpolation 
process in Step 1-6. 
 
Step 1-6: Plot IDA curves using the recorded vectors of (DM,IM) 
Note: A Spline interpolation can be used for smooth IDA curves 
 
Step 1-7: Repeat Step 1-1 through 1-6 until obtaining sufficient information to 
estimate seismic demand and capacity relationship  
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IDA Curves for the Eight-Story Building 
Using the 10,000 samples of artificial ground acceleration (generated in Section 3.3.1), 
the total of 10,000 IDA curves are generated for the eight-story building of which the 
fundamental period and damping ratio are 1T = 1.0223 sec and 1ζ = 0.05. 
In Step 1-2 of Algorithm 3.1, a sample of the generated ground accelerograms 
is scaled with 0.05SF g=  in peak ground acceleration (PGA). Then two sets of 
discrete points for each i-th story, i.e. ( ),max 1( , )
i
R dSΔ  and ( ),max 1( , )if aA S , are obtained by 
dynamic analysis, see Step 1-3 and 1-4. Increasing the scale factor by a constant value 
of 0.05g , Steps 1-2 through 1-5 are repeated until reaching sufficiently large IM (in 
this study, the limits of IMs are set to 40 inches for 1dS  and 3.0 g for 1aS ). Then the 
entire IDA curve for each story is developed by a spline interpolation of the discrete 
points which is performed using a MATLAB function called interp1 [28]. Hence, DM 
values can be obtained at any level of IM [39].  
Figure 3.14 shows twenty IDA curves for the 1st and 5th stories. Because the 
eight-story building is assumed as a linear system, a linear relationship between 
maximum building response and earthquake intensity measure is observed [21]. 
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Figure 3.14: Twenty IDA curves for the 1st and 5th stories 
 
Step 2: Construction of Fragility Curves 
From IDA results a fragility curve can be developed by first determining the 
conditional probability of reaching or exceeding a damage state ds for various levels 
of intensity measure. For a given level of IM, the probability of being in or exceeding 
a particular damage state can be determined by counting the number of times that 
maximum structural responses equal to or exceed a damage state threshold value, ,R dsδ  
or ,f dsa , and dividing by the total number of trials n [8]. Then it is formulated as 
follow 
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 ( )
1
1[ | ] 1 IM
n
C j ds
j
P ds IM DM dm
n =
= ≥∑  (3.12) 
where IM  is the intensity measure, i.e. 1dS  or 1aS , ( )IMjDM t  is the samples of 
damage measures at a given IM , i.e. 1,max( )d
S
R jΔ or 1,max( )aSf jA , and dsdm  is the threshold 
of a damage state ds, i.e. ,R dsδ  or ,f dsa  (see Tables 3.3 and 3.4). 
As an illustrative example, simple fragility curves are constructed for structural 
damage in the 1st story using the twenty IDA curves in Figure 3.15 (repeat of Figure 
3.14(a)). Twenty-one levels of intensity 1 0, 2, , 40dS = " inches are used for this 
evaluation, and the threshold value for each structural damage state is summarized in 
Table 3.3. For each given intensity of 1dS , the probability of reaching or exceeding 
each damage state is evaluated using Equation (3.12) (see Table 3.5 for values), and 
accordingly, a simple example of fragility curves is presented in Figure 3.16. 
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Figure 3.15: Twenty IDA curves of the 1st story  
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Table 3.5: Cumulative damage state probabilities for the example  
1[ | ]dP ds S  Sd1 (inches) 
Slight Moderate Extensive Complete 
0 0.00 0.00 0.00 0.00 
2 0.00 0.00 0.00 0.00 
4 1.00 0.00 0.00 0.00 
6 1.00 0.30 0.00 0.00 
8 1.00 1.00 0.00 0.00 
10 1.00 1.00 0.00 0.00 
12 1.00 1.00 0.10 0.00 
14 1.00 1.00 0.25 0.00 
16 1.00 1.00 0.55 0.00 
18 1.00 1.00 0.90 0.00 
20 1.00 1.00 1.00 0.00 
22 1.00 1.00 1.00 0.00 
24 1.00 1.00 1.00 0.00 
26 1.00 1.00 1.00 0.00 
28 1.00 1.00 1.00 0.00 
30 1.00 1.00 1.00 0.00 
32 1.00 1.00 1.00 0.10 
34 1.00 1.00 1.00 0.15 
36 1.00 1.00 1.00 0.20 
38 1.00 1.00 1.00 0.25 
40 1.00 1.00 1.00 0.30 
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Figure 3.16: A simple example of fragility curves 
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Analytical Fragility Curves for the Eight-Story Building 
In real application, fragility curves are developed for various levels of seismic 
intensity measure. Following the procedure illustrated by a simple example above, the 
fragility curves for the 1st and 5th stories are plotted in Figure 3.19 (dotted lines). 
 
Step 3: Fragility Function (lognormal CDF) 
Generally, the fragility curves can be expressed using two-parameter lognormal 
distribution functions. Then the cumulative probability of reaching or exceeding a 
damage state for a given ground motion intensity measure is expressed as [24],[29] 
 
 1[ | ] lnC
dsds
IMP ds IM
IMβ
⎡ ⎤⎛ ⎞= Φ ⎢ ⎥⎜ ⎟⎝ ⎠⎣ ⎦
 (3.13) 
where dsIM  is the median value of intensity measure (i.e. 1,d dsS  or 1,a dsS ) at which the 
building reaches the threshold of damage state, dsβ  is the standard deviation of 
ln IM of damage state, and Φ  is the standard normal cumulative distribution function 
[12],[18].  
The estimation of the two parameters, median dsIM  and log standard deviation 
dsβ , is performed in the following manner: If samples are lognormally distributed, the 
geometric mean is a logical estimator of the median. Thus, in this study, the median 
value in Equation (3.13) is defined as the geometric mean of IM [24],[31]. Since IM is 
a lognormal random variable, ln IM  is normal with mean ln IMμ  and standard 
deviation ln IMσ . Thus the following relationship can be obtained 
 
 ln
ln
ln( ) IM
IM
IMs μσ
⎛ ⎞−Φ = Φ⎜ ⎟⎝ ⎠
 (3.14) 
where s is the standard normal variable [21]. From Equation (3.14), the relationship 
between s and ln IM  can be expressed as 
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 ln lnln IM IMIM sσ μ= +  (3.15) 
Using a set of points ( , ln )s IM  obtained from a fragility curve, ln IMμ  and ln IMσ  can 
be estimated by linear regression analysis [21]. Then the two parameters in Equation 
(3.13) are estimated as  
 
 ln
ln
exp( )   andds IM
ds IM
IM μ
β σ
=
=  (3.16) 
To illustrate the procedure described above, consider the fragility curve for 
Extensive damage to structural components in the 1st story, see Figure 3.16 (repeated 
in Figure 3.18). The standard normal random variables s corresponding to the intensity 
measures 1dS  are estimated as 
1
1( [ | ])C ds P ds E S
−= Φ ≥  where E denotes Extensive 
damage, then the set of points 1( , ln )ds S are obtained (see Table 3.6). Using these 
points, 
1ln dS
μ and 
1ln dS
σ  are estimated as shown in Figure 3.17 which is the lognormal 
probability plot of s versus 1ln dS . The linear regression analysis is performed using a 
MATLAB function, polyfit [28]. Figure 3.18 compares the fragility curves constructed 
using data from the IDA curves and lognormal fit. 
 
Table 3.6: A set of data points obtained to estimate two parameters of lognormal CDF 
Fragility Curve Lognormal Probability Plot 
1[ | ]C dP ds E S≥  1dS  1 1( [ | ])C ds P ds E S−= Φ ≥  1ln dS  
0.10 12 -1.2816  2.4849 
0.25 14 -0.6745  2.6391 
0.55 16 0.1257  2.7726 
0.90 18 1.2816  2.8904 
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Figure 3.17: Example of linear regression method to estimate the two parameters of 
lognormal CDF  
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Figure 3.18: Comparison of fragility curves constructed from IDA data and lognormal 
CDF 
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Table 3.7: Estimated parameters of fragility function for the eight-story building 
(a) Structural fragility curve parameters 
Slight Moderate Extensive Complete Story 
median beta median beta median beta median beta 
1 3.0095 0.1411 6.0440 0.1413 15.0995 0.1423 40.9201 0.1519
2 3.1179 0.1408 6.2507 0.1403 15.6405 0.1384 42.2833 0.1478
3 3.4652 0.1356 6.9078 0.1321 17.2531 0.1350 46.7094 0.1453
4 3.3899 0.1348 6.7637 0.1369 16.8671 0.1353 45.2180 0.1392
5 3.8806 0.1385 7.7647 0.1391 19.3818 0.1376 51.5016 0.1410
6 4.6847 0.1458 9.3819 0.1454 23.4733 0.1449 53.3200 0.0963
7 5.6536 0.1561 11.2933 0.1572 28.2625 0.1565 – – 
8 13.2639 0.1609 26.5236 0.1593 55.4189 0.1092 – – 
 
 
(b) Nonstructural drift-sensitive fragility curve parameters  
Slight Moderate Extensive Complete Story 
median beta median beta median beta median beta 
1 4.0555 0.1445 8.0768 0.1436 25.2262 0.1434 52.1933 0.1594
2 4.1875 0.1393 8.3458 0.1407 26.0648 0.1401 54.2832 0.1583
3 4.6013 0.1350 9.2168 0.1344 28.8538 0.1395 58.3936 0.1461
4 4.4806 0.1324 9.0021 0.1331 28.2141 0.1381 53.2363 0.1199
5 5.1795 0.1384 10.3386 0.1385 32.5133 0.1441 54.1186 0.0881
6 6.2557 0.1462 12.5215 0.1461 39.4974 0.1523 – – 
7 7.5337 0.1565 15.0461 0.1564 48.0939 0.1676 – – 
8 17.6879 0.1601 35.5139 0.1630 – – – – 
 
 
(c) Nonstructural acceleration -sensitive fragility curve parameters  
Slight Moderate Extensive Complete Story 
median beta median beta median beta median beta 
1 0.3428 0.1668 0.6860 0.1680 1.3727 0.1702 2.7372 0.1674
2 0.3442 0.1657 0.6848 0.1668 1.3645 0.1679 2.7126 0.1630
3 0.3386 0.1648 0.6791 0.1647 1.3558 0.1679 2.7554 0.1790
4 0.3517 0.1661 0.7071 0.1639 1.4161 0.1616 2.8759 0.1705
5 0.3729 0.1471 0.7470 0.1467 1.4982 0.1452 2.9615 0.1422
6 0.3745 0.1420 0.7462 0.1461 1.4960 0.1456 3.0089 0.1498
7 0.3530 0.1514 0.7074 0.1539 1.4153 0.1518 2.8411 0.1532
8 0.2752 0.1555 0.5473 0.1570 1.0991 0.1577 2.2068 0.1592
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Figure 3.19: Fragility curves for the 1st and 5th stories of the eight-story building 
(dotted lines: by IDA data, solid lines: by a lognormal fit) 
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Analytical Fragility Curves of the Eight-Story Building 
Table 3.7 summarizes estimated parameters of fragility functions for the eight-story 
building. If the conditional probability of a particular damage state is always zero 
within the predetermined IM limits (i.e. 40 inches for 1dS  and 3.0 g for 1aS ), 
lognormal curve fitting is not applicable. Thus, some of the parameters in severe 
damage states are not available. 
Using the estimated parameters, the fragility functions for the 1st and 5th 
stories are shown in Figure 3.19 (solid lines). Comparing to the fragility curves 
developed directly from IDA results (dotted lines), it is observed that a lognormal 
CDF is a good fit for a fragility curve. 
 
3.6 Cost Functions for the Eight-Story Building 
This section describes the development of loss functions that are used to estimate 
economic losses as a function of ground motion intensity measure. The economic 
losses can be caused by either one or both of two cases: direct damage (e.g. structural 
and nonstructural damage and monetary losses during replacement time) and induced 
damage after effects of earthquakes (e.g. inundation, fires, and hazardous materials 
release) [18]. In this study, only direct damage is considered to estimate the dollar loss. 
For development of direct economic cost functions, HAZUS and FEMA are used as 
major references which provide a probabilistic approach to estimate mean economic 
loss using fragility curves. Figure 3.20 illustrates the basic scheme for developing cost 
functions. 
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Figure 3.20: Flowchart for developing the direct economic loss functions 
 
3.6.1 Discrete Damage-State Probability Curves 
In order to estimate seismic damage in terms of dollar value, discrete damage-state 
probability curves are first constructed. These curves are calculated by taking the 
difference in probability between adjacent damage-state fragility curves [12]. Thus, 
discrete damage-state probabilities at a given Intensity Measure IM  (i.e. 1dS  or 1aS ) 
are defined as 
 
 
1
1
[ | ] 1 [ | ]                      0
[ | ] [ | ] [ | ]     1, 2,3
[ | ] [ | ]                              4
D i C i
D i C i C i
D i C i
P ds IM P ds IM i
P ds IM P ds IM P ds IM i
P ds IM P ds IM i
+
+
= − =
= − =
= =
 (3.17) 
where the damage state ids  is defined as ds0 = No damage, ds1 = Slight, ds2 = 
Moderate, ds3 = Extensive, and ds4 = Complete damage. The sum of [ | ]D iP ds IM  at 
any value of intensity measure equals to one. Figure 3.21 shows the discrete damage-
state probability curves for structural and nonstructural components (drift-sensitive 
and acceleration-sensitive) of the 1st and 5th stories. The overlap of discrete damage 
curves in the figure indicates the degree of uncertainty in prediction of damage state at 
a given level of earthquake intensity measure [12]. 
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Figure 3.21: Discrete damage-state probability curves for the 1st and 5th stories 
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3.6.2 Repair Cost Functions for Structural and Nonstructural Damage  
To develop repair cost functions, damage state costs of the structural system and 
nonstructural components are determined. Two basic parameters involved in the 
damage state cost are replacement cost of building per floor and repair cost ratio 
corresponding to each damage state. 
For the eight-story building, the replacement cost of the building per square 
foot is evaluated reflecting building perimeter, story height, and location adjustment 
factors in R. S. Means 2007 [5], and it is estimated to be $142.55/ft2. Multiplying the 
replacement cost per square foot by a typical floor area of 8775 ft2, the replacement 
costs of the building per floor is estimated as $1,250,876 (per floor). 
Repair cost ratios are expressed as a percentage of building repair value related 
to occupancy classifications, and these ratios are obtained from HAZUS. Based on 
occupancy classification of the eight-story building, “Residential Multi Family 
Dwelling” (labeled as “RES3”) [18], the repair cost ratio for each damage state of 
structural and nonstructural components are presented in Table 3.8. 
Then damage state cost is defined as the product of the replacement costs of 
the building per floor and repair cost ratio corresponding to each damage state (Refer 
to Table 3.8). 
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Table 3.8: Repair cost ratios and damage state costs of the eight-story building [18] 
(a) Structural components 
Damage State Slight Moderate Extensive Complete 
Repair Cost Ratio (%) 0.3 1.4 6.9 13.8 
Damage State Cost ($/floor) 3,753 17,512 86,310 172,621 
 
(b) Drift-sensitive nonstructural components 
Damage State Slight Moderate Extensive Complete 
Repair Cost Ratio (%) 0.9 4.3 21.3 42.5 
Damage State Cost ($/floor) 11,258 53,788 266,437 531,622 
 
(c) Acceleration-sensitive nonstructural components 
Damage State Slight Moderate Extensive Complete 
Repair Cost Ratio (%) 0.8 4.3 13.1 43.7 
Damage State Cost ($/floor) 10,007 53,788 163,865 546,633 
 
Structural Repair Costs 
Repair cost of structural damage for damage state ids  can be estimated as the product 
of structural damage state cost for ids  and discrete probability of structural 
components in ids . 
 
 1 , 1( ) ( ) [ | ]ids d S i D S i dRCS S DSC ds P ds S= ×  (3.18) 
where ( )S iDSC ds  is the damage state cost for structural damage state ids  (Table 3.8a) 
and , 1[ | ]D S i dP ds S  is the discrete probability of structural components for damage state 
(see Figure 3.22a in Section 3.6.1). Then repair cost for structural damage at a given 
intensity measure 1( )dRCS S  is the sum of the products for each damage state. 
 
 
4
1 1
1
( ) ( )
id ds d
i
RCS S RCS S
=
=∑  (3.19) 
The repair costs for structural damage in the 1st and 5th stories are shown in Figure 
3.22 as a function of 1dS . 
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Figure 3.22: Repair cost functions for structural damage in the 1st and 5th stories 
 
Nonstructural Repair Costs 
A similar calculation is made for nonstructural damage which is subdivided into drift-
sensitive and acceleration-sensitive damage. Repair cost of drift-sensitive 
nonstructural damage is 
 
 
4 4
1 1 , 1
1 1
( ) ( ) ( ) [ | ]
id ds d NSD i D NSD i d
i i
RCNSD S RCNSD S DSC ds P ds S
= =
= = ×∑ ∑  (3.20) 
where 1( )ids dRCNSD S  is the repair cost of drift-sensitive nonstructural damage for 
damage state ids  at a given intensity measure 1dS , ( )NSD iDSC ds  is the damage state 
cost of drift-sensitive nonstructural damage for ids  (Table 3.8b), and , 1[ | ]D NSD i dP ds S  
is the discrete probability of drift-sensitive nonstructural damage for ids  (Figure 
3.23a). 
Similarly, repair cost of acceleration-sensitive nonstructural damage is  
 
 
4 4
1 1 , 1
1 1
( ) ( ) ( ) [ | ]
ia ds a NSA i D NSA i a
i i
RCNSA S RCNSA S DSC ds P ds S
= =
= = ×∑ ∑  (3.21) 
where 1( )ids aRCNSA S  is the repair cost of acceleration-sensitive nonstructural damage 
for damage state ids  at a given intensity measure 1aS , ( )NSA iDSC ds  is the damage 
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state cost of acceleration-sensitive nonstructural damage for ids  (Table 3.8c), and 
, 1[ | ]D NSA i aP ds S  is the discrete probability of acceleration-sensitive nonstructural 
damage for ids  (Figure 3.23b). The repair costs for nonstructural damage in the 1st 
and 5th stories are shown in Figure 3.23 as a function of IM  ( 1dS  or 1aS ). 
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(a)  Repair cost functions for drift-sensitive nonstructural damage 
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(b)  Repair cost functions for acceleration-sensitive nonstructural damage 
Figure 3.23: Repair cost functions for nonstructural damage in the 1st and 5th stories 
 
The total repair costs of nonstructural damage 1 1( , )a dRCNS S S  is estimated as 
the sum of Equations (3.20) and (3.21). 
 
 1 1 1 1( , ) ( ) ( )a d d aRCNS S S RCNSD S RCNSA S= +  (3.22) 
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3.6.3 Monetary Losses during the Recovery time  
Monetary losses during the restoring time are also included for estimating the direct 
economic losses. The monetary losses may be incurred when a building or portion of a 
building is closed during the recovery time. In the study, only the amount of rental 
income loss and relocation costs such as the costs of shifting and transferring and the 
rental of temporary space are considered as the monetary losses [18]. It is assumed 
that these losses are unlikely to incur when the building is in damage states 0ds  or 1ds  
(No damage or Slight damage) [18]. The non-residential roof floor is excluded in the 
evaluation of these losses.  
The relocation cost 1( )dREL S  at a given intensity level 1dS  is 
 
 
( )
( )( )
4
, 1
2
1 4
, 1
2
(1 % ) [ | ]                     
( )
% [ | ] ( )
D S i d
i
d
D S i d i
i
OO P ds S DC
REL S FA
OO P ds S DC RENT RT ds
=
=
⎡ ⎤− × × +⎢ ⎥⎢ ⎥= × ⎢ ⎥× × + ×⎢ ⎥⎣ ⎦
∑
∑
 (3.23) 
, and the rental income loss 1( )dRY S  is given by 
 
 ( )41 , 1
2
( ) (1 % ) [ | ] ( )d D S i d i
i
RY S OO FA RENT P ds S RT ds
=
= − × × × ×∑  (3.24) 
where FA  is the floor area (8,775 ft2), , 1[ | ]D S i dP ds S is the discrete probability of the 
structural components for damage state ids at given 1dS , DC  is the disruption cost 
($/ft2), ( )iRT ds  is the recovery time for ids , %OO  is the percent owner occupied, 
and RENT  is the rental cost ($/ft2/day) [18]. Thus, monetary loss 1( )dML S  during 
recovery time is estimated as the sum of the relocation cost and rental income loss 
 
 1 1 1( ) ( ) ( )d d dML S REL S RY S= +  (3.25) 
The recovery time ( )iRT ds  in Equation (3.24) includes not only actual repair 
time but also other additional delays related to decision-making, negotiation, 
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inspection, and contract. The recovery time for buildings in the damage states slight or 
moderate will be close to the actual repair time, but for buildings in the damage states 
extensive or complete will be longer than the actual repair time due to additional tasks 
which must be carried out [18]. HAZUS provides the recovery times for a “RES3” 
building: 10, 120, 480, and 960 days for Slight, Moderate, Extensive, and Complete 
damage, respectively.  
In HAZUS, the default values of the rental costs RENT  and disruption costs 
DC  for a “RES3” building are given by $0.02/ft2/day and $0.73/ft2 which are given in 
1994 US dollars [18]. To address an advance in prices from 1994 to the present, the 
price index history table provided by U.S. Department of Labor [36] is employed in 
this study. Hence, the rental and disruption cost are adjusted to be $0.03/ft2/day and 
$1.06/ft2. The monetary loss functions during the recovery time for the 1st and 5th 
stories are plotted in Figure 3.24. 
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Figure 3.24: Monetary loss functions during the recovery time for the 1st and 5th 
stories 
 
3.6.4 Direct Economic Cost Functions   
The direct economic cost is the sum of costs induced by damaged structural and 
nonstructural (acceleration-sensitive and drift-sensitive) components and monetary 
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loss during the recovery time–the sum of Equations (3.19), (3.22), and (3.25). The 
direct economic cost function 1 1( , )d aDEC S S  is formulated in terms of 1dS  and 1aS  as 
below 
 
 1 1 1 1 1 1( , ) ( ) ( , ) ( )d a d d a dDEC S S RCS S RCNS S S ML S= + +  (3.26) 
in which 1( )dRCS S  is the repair cost of structural damage given by Equation (3.19), 
1 1( , )d aRCNS S S  is the repair cost of nonstructural damage given by Equation (3.22), 
and ML is the monetary loss during replacement time given by Equation (3.25). 
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Figure 3.25: Direct economic cost function for the 1st story 
 
As an example, Figure 3.25 shows the direct economic cost function for the 1st 
story. If the building is subjected to an earthquake having Intensity Measure of 
1 20 inchesdS =  and 1 1.0 gaS = , the direct economic cost of the 1st story can be 
estimated at (20 in,1.0g)DCE  of Equation (3.26) that gives the estimation of 
$340,000.  
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Figure 3.26: Direct economic cost functions for the eight-story building  
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The direct economic cost function for each story of the eight-story building is 
shown in Figure 3.26. In the lower stories, where the interstory displacement is much 
larger then the upper region (Refer to the failure rate curves in Figure 3.12), the cost is 
significantly influenced by drift-sensitive damage. In the 8th story, the direct 
economic cost is mainly influenced by acceleration-sensitive damage because 
monetary losses (relocation expenses and rental income loss) are not incurred in the 
non-residential area and interstory displacement is relatively small. 
 
3.7 Exceedance Probability of Direct Economic Cost  
The intensity measures, i.e. 1dS  and 1aS , of the 10,000 samples of ground acceleration 
are measured, and they are assumed as samples of possible Intensity Measures IMs for 
an earthquake occurrence. As shown in Figure 3.27, in which the distribution of IMs is 
presented, the maximum values of the possible intensities are 9.3680 inches in spectral 
displacement and 0.9204 g in spectral acceleration. Thus, the direct economic cost 
functions developed in the previous section has sufficiently large ranges of IMs, i.e. [0, 
40] inches of 1dS  and [0, 3] g of 1aS , for damage cost analysis of the building. 
 
 
Figure 3.27: Distribution of intensity measures for an earthquake occurrence obtained 
from 10,000 samples of stationary ground motion (Section 3.3.1) 
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Figure 3.28: Probability curves of the direct economic cost for each story (solid line: 
probability due to an earthquake; dotted line: lifetime probability)  
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Applying the IM samples ( 1dS , 1aS ) in Figure 3.27 to Equation (3.26), 10,000 
samples of direct economic cost, ( )ijC , for each i-th story are obtained (where 
1,  2,  ,  10,000j = " ). Then the exceedance probability of the direct economic cost 
( )( )iEC crP C c>  due to an earthquake can be estimated by counting the number of times 
that the samples ( )ijC  equal or exceed a critical cost crc  and then dividing it by the total 
number of the samples.  
 
 
10,000
( ) ( )
1
1( ) 1( )
10,000
i i
EC cr j cr
j
P C c C c
=
≥ ≈ ≥∑  (3.27) 
The resulting probability curves are presented in Figures 3.28 with solid lines. 
Assuming that earthquake occurrence is a Poisson process, the probabilities of 
lifetime cost are derived based on the estimated mean arrival rate ˆ 0.2159λ =  
quakes/year (see Section 3.3.5). The mean arrival rate * ( ) ( )iEC crcν  of particular 
earthquakes causing ( )i crC c≥  is obtained as 
 
 * ( ) ( )( ) 0.2159 ( )i iEC cr crc P C cν = ≥  (3.28) 
Then the exceedance probabilities during the lifetime can be obtained by 
 
 
* ( )75 ( )( )( ) 1
i
crEC ci
LEC crP C c e
ν−> = −  (3.29) 
where 
* ( )75 ( )i crEC ce ν−  is the probability of no earthquake occurrence which causes 
( )i
crC c≥  during the lifetime of 75 years. The resulting probability curves are 
presented in Figures 3.28 with dotted lines. 
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Figure 3.29: Probability curves of the direct economic cost for the eight-story building 
(solid line: probability due to an earthquake; dotted line: lifetime probability)  
 
 To evaluate the exceedance probability for the entire structure, the 10,000 
samples of total direct economic cost TjC  of the building is obtained as 
 
 
8
( )
1
,     1,  2,  ,  10,000T ij j
i
C C j
=
= =∑ "  (3.30) 
, and then following the procedure used to develop the cost probability curves for each 
story, the direct economic cost probability curves for the entire structure are presented 
in Figure 3.29. 
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CHAPTER 4 
NONLINEAR ANALYSIS OF EIGHT-STORY BUILDING 
 
Most buildings experience inelastic deformations caused by yielding of structural 
components under severe earthquake loads. Therefore, nonlinear analysis is essential 
to provide a more reliable estimation of structural performance. In contrast to Chapter 
3, which describes the procedure for the linear analysis of the eight-story building 
subjected to stationary ground motion, this chapter introduces nonlinear analysis of the 
building with the effects of non-stationary properties of real earthquake ground 
motions.  
The input ground motions are modeled as a non-stationary Gaussian process 
based on the time history record of the 1994 Northridge earthquake. The equations of 
motion for linear elastic MDOF systems are modified to recognize the effects of both 
geometric and material nonlinearities. Subsequently, methodology for solving these 
equations is introduced. Based on the nonlinear analysis, failure rate curves and 
fragility curves for the eight-story building are developed following the procedure in 
Section 3.5. Using fragility curves, the damage state probabilities are converted to 
dollar value of loss to estimate probable direct economic loss. 
 
4.1 Generation of Non-stationary Ground Motion 
Samples of ground motion are modeled as a non-stationary Gaussian process using a 
deterministic modulating envelope function ( )w t  [6],[8]. 
 
 *( ) ( ) ( )sA t w t A t=  (4.1) 
where ( )sA t  is the sample of stationary Gaussian process with zero-mean (Refer to 
Section 3.3.1) and *( )A t  is the sample of non-stationary Gaussian process. For the 
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envelope function ( )w t , which is used to control the process amplitude level [19], the 
following window function found by Saragoni and Hart [30] is utilized. 
 
 ( ) ( )b ctw t at e H t−=  (4.2) 
where ( )H t  is the unit-step function. The shape parameters b  and c  are defined as 
 
 ( )ln / 1 ln 1b ε η ε ε= − + −⎡ ⎤⎣ ⎦  (4.3) 
 / wc b Tε=  (4.4) 
The normalizing factor a  is 
 
 ( )/ bwa e Tε=  (4.5) 
in which 2w dT T= , dT  is the duration of strong ground shaking, which is defined as the 
time interval between the 5 and 95 percent levels of the cumulative integral of squared 
acceleration, ε  is the ratio between the time of the peak of the envelope function and 
wT , and η  is the ratio of the amplitude at time wT  to the maximum amplitude [6],[30]. 
From the acceleration time history record of the Northridge earthquake (see 
Figure 4.1), the maximum amplitude is observed at t = 8.58 seconds. Thus, it is 
assumed that the peak of envelope function is at t = 8.58 seconds. Table 4.1 
summarizes the parameters involved in the envelope function which is presented in 
Figure 4.3. Then 10,000 samples of non-stationary acceleration time history *( )A t  are 
produced using Equation (4.1) with the 10,000 samples of ( )sA t  generated in Section 
3.3.1.  
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Figure 4.1: Acceleration time history of the 1994 Northridge earthquake 
(Ground motion data was obtained from Cosmos Virtual Data Center website [9]) 
 
 
 
 
Table 4.1: Parameters of the envelope function ( )w t  
dT  wT  ε  η  a  b  c  
10.2600 20.5200 0.4181 0.0113 4.89×10-5 8.6352 1.0064 
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Figure 4.2: A sample of stationary ground acceleration  
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Figure 4.3: Deterministic modulate envelope function ( )w t  
 
0 10 20 30 40 50 60
-0.4
-0.2
0
0.2
0.4
A
* (t
)
 
Figure 4.4: A sample of non-stationary ground acceleration 
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Same as in the previous chapter, the ground motion intensity levels are 
measured by first mode spectral displacement 1dS  and acceleration 1aS  of the eight-
story building. Figure 4.5 shows the distribution of possible ground motion intensity 
levels which are obtained from the 10,000 samples of non-stationary ground motion. 
These values of the intensity measures will be used as input values of the direct 
economic cost function to obtain samples of the direct economic cost (Refer to Section 
4.7). 
 
Figure 4.5: Distribution of possible intensity measures obtained from the 10,000 
samples of non-stationary ground acceleration  
 
4.2 Theoretical Background of Nonlinear Dynamic Analysis 
During strong earthquakes, most structures undergo inelastic deformation. Thus, the 
nonlinear analysis is essential for a reliable prediction of structural performance. This 
section provides a brief discussion of geometric and material nonlinearities. 
Subsequently, the governing equations of motion are developed for nonlinear MDOF 
systems including the effects of both geometric and material nonlinearities. 
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4.2.1 Geometric and Material Nonlinearities   
 
Geometric Nonlinearity 
Structures may experience substantial lateral displacement under severe ground 
motion. If this is the case, the responses of structure are significantly influenced by P-
Δ effects–the second-order moment effects of the gravity loads acting on the laterally 
deformed structure [7]. 
 For building-type structures of which the total displacement can be assumed to 
be very small compared to the structural dimensions, the P-Δ effects can be 
implemented into a direct and exact solution method without iteration process for 
nonlinear dynamic analysis [40]. For example, consider the structural model in Figure 
4.6. 
(a) Deformed Shape (b) Secondary Moment (c) Equivalent later forces 
 
Figure 4.6: P-Δ effects on a structural model 
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Due to the weight above the i-th story ( )iW  acting on the deformed shape, the 
secondary overturning moment ( ) ( ) ( )i i iOTM W= Δ  where ( ) ( ) ( 1)i i ix x −Δ = −  is produced, 
see Figure 4.1(b). The moment can be resolved into two equivalent lateral forces ( )1
i
Cf  
and ( )2
i
Cf  with the distance 
( )ih , the height of the i-th story, as shown in Figure 4.1(c) 
[40].  
 
 
( ) ( ) ( ) ( )
1
( ) ( )
2 1
/    andi i i iC
i i
C C
f W h
f f
= Δ
= −  (4.6) 
, or in terms of matrix notation 
 
 
( ) ( )( )
1
( )( ) ( 1)
2
1.0 1.0
1.0 1.0
i ii
C
ii i
C
f xW
hf x −
⎧ ⎫ − ⎧ ⎫⎡ ⎤=⎨ ⎬ ⎨ ⎬⎢ ⎥−⎣ ⎦ ⎩ ⎭⎩ ⎭
 (4.7) 
Note that the matrix which contains ( ) ( )/i iW h  factor is the geometric stiffness matrix 
for an element including axial force effects only [40]. Let ( ) ( ) ( )/i i igk W h= , then the 
geometric stiffness matrix of the i-th story can be rewritten as 
 
 
( ) ( )
( )
( ) ( )
i i
i g g
g i i
g g
k k
k
k k
⎡ ⎤−= ⎢ ⎥−⎢ ⎥⎣ ⎦
 (4.8) 
In a manner similar to the above, lateral forces can be evaluated for all story 
levels, and the resulting lateral forces ( )gk x t  can be added to known external forces 
( )
ext
p t  acting on building [40],[41]. Then the total forces ( )p t  acting on the system is  
 
 ( ) ( )  ( )gextp t p t k x t= +  (4.9) 
where gk  is the global geometric stiffness matrix of an n-story building 
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(1) (1)
(1) (1) (2) (2)
( 1) ( 1) ( ) ( )
( ) ( )
0 0
0 0
0 0
g g
g g g g
g
n n n n
g g g g
n n
g g
k k
k k k k
k
k k k k
k k
− −
⎡ ⎤−⎢ ⎥− + −⎢ ⎥⎢ ⎥= ⎢ ⎥− + −⎢ ⎥⎢ ⎥−⎣ ⎦
"
#
%
#
"
 (4.10) 
 
Material Nonlinearity 
In the previous two chapters, under the assumption that systems behave in a linear 
elastic range, lateral resisting forces sf  and displacements ( )x t  have a linear 
relationship; that is, ( )sf k x t=  in which k  is a constant stiffness matrix (in Equation 
(2.26)). Buildings, however, are expected to deform into the inelastic range, i.e. 
perform in a ductile manner, when subjected to strong ground motion. The force-
deformation relation for structural elements of inelastic system is nonlinear and 
hysteretic [7]; thus, the stiffness term representing dynamic inelastic behavior can be 
expressed as 
 
 ( )( ) ( ), ( )s sf t f x t x t=   (4.11) 
 
4.2.2 Equations of Motion for Nonlinear Inelastic MDOF Systems   
General equations of motion for a nonlinear MDOF system can be written as 
 
 ( ) ( ) ( ) ( )smx t cx t f t p t+ + =   (4.12) 
where m  is the mass matrix, c  is the damping matrix, and ( )p t  is the vector of 
external forces. Substituting Equations (4.9) and (4.11) into Equation (4.12) gives the 
equations of motion including both geometric and material nonlinearities [7],[41]. 
 
 ( ) g( ) ( ) ( ), ( ) ( ) + k ( )s extmx t cx t f x t x t p t x t+ + =    (4.13) 
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4.3 Solution Method for Nonlinear Systems 
Unlike the case of a linear elastic MDOF system (see Section 2.3), a modal 
superposition method is not applicable for nonlinear system. Therefore, the equations 
of motion (Equation (4.13)) for such systems responding into their nonlinear range 
need to be solved by a direct method.  
 In this study, Wilson’s theta method is used to compute the nonlinear response 
of the eight-story building. The method is unconditionally stable, and its accuracy and 
stability depend on value of θ  [7]. Chopra states that optimal accuracy can be 
achieved with 1.42θ =  [7]. The procedure of Wilson’s method is summarized in 
Algorithm 4.1 in which the input parameters are defined as: sm  is the vector of story 
mass, sk  is the vector of elastic story stiffness, c  is the damping matrix, tΔ  is the 
time step of integration, and ( )a t  is the input ground acceleration. 
Algorithm 4.1 includes modified Newton-Raphson iteration method  to 
minimize the error within each constant time step tΔ . In the modified Newton-
Raphson method (see Algorithm 4.2), the tangent stiffness matrix ˆTk , constructed at 
the beginning of the time step, is used throughout the iteration process. The iteration 
process continues until the incremental story displacements ( )jxΔ  in the j-th iteration 
becomes small enough to be considered as convergence [7]. 
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Algorithm 4.1: Wilson’s Method: Solution method for nonlinear MDOF systems [7] 
  
      Input Parameters:      sm , sk , c , tΔ , θ and ( )a t  
      Output Parameters:   ( )x t , ( )x t , and ( )x t  
 
(a) Initial conditions 
0 0x =  and 0 0x =  
 
(b) Initial calculation 
Construct m  and k  from sm  and sk  
00( )sf k x=  
( ) 1 ( )
ext
p t m a t= −  
Solve 0x from 0 0 00 ( )smx p cx f= − −   
6 3A m c
tθ= +Δ  and 3 2
tB m cθΔ= +  
 
(c) Repeat calculations for each time step i 
Implement P −Δ  effects into the incremental forces  
g1( ) ( ) ki iext extp p t p t x−Δ = − + Δ          (see Section 4.2) 
1 1ˆ ( ) i ip p Ax Bxδ θ − −= Δ + +   
Determine the tangent stiffness matrix tk   
(see Algorithm 4.3 in Section 4.2.2 for the eight-story structure or 
Algorithm 4.4 in Section 4.4.2 for the alternative structure) 
2
3 6ˆ
( )t
k k c m
t tθ θ= + +Δ Δ  
Solve for xδ  from kˆ  and pˆδ  using modified Newton-Raphson 
Method (see Algorithm 4.2) 
1 12
6 6 3
( ) i i
x x x x
t t
δ δθ θ − −= − −Δ Δ    
1x xδθΔ =  
1( ) 2i
tx t x x−
ΔΔ = Δ + Δ    
2 2
1 1
( ) ( )( )
2 6i i
t tx t x x x− −
Δ ΔΔ = Δ + + Δ   
1i ix x x−= + Δ , 1i ix x x−= + Δ   , and 1i ix x x−= + Δ    
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Algorithm 4.2: Modified Newton-Raphson Iteration [7] 
 
 
      Input Parameters:      ( )s if t , pˆδ , ek , yf , and kˆ  
      Output Parameters:   xδ  and 1( )s if t +  
 
(a) Initialize data 
(0)
( )s s if f t= , (0) 0xδ = , ˆ ˆTk k=  and (1) ˆR pδΔ =   
 
(b) Repeat calculations for each iteration step j  
Solve xΔ  from ( ) ( )ˆT j jk x RΔ = Δ  
( ) ( )( ) ( 1) j js sj j
f f k x−= + Δ  
( )( ) ( ) ( 1)
ˆ( )T t js sj j jf f f k k x−Δ = − + − Δ  
( 1) ( ) ( )j j j
R R f+Δ = Δ −Δ  
( ) ( 1) ( )j j jx x xδ δ −= + Δ  
 
 
 
4.4 Nonlinear Analysis of the Eight-Story Building 
Nonlinear dynamic analysis of the eight-story building is performed under the 
following assumptions: (1) the building is subjected to ground acceleration in the N-S 
direction, (2) the building is simplified into a lumped-mass model, and (3) the gravity 
frames are not taken into account in story stiffness.  
In nonlinear analysis, both geometric and material nonlinearities are 
considered. To illustrate the influence of the P-Δ effects and material inelasticity on 
the building response, the response time history of the eight-story building is presented 
for three cases: linear elastic and nonlinear inelastic with or without P-Δ effects. 
Failure rate curves are then obtained by nonlinear dynamic analysis. These curves 
provide more accurate prediction about seismic vulnerability of the eight-story 
building compared with those obtained by linear analysis. 
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4.4.1 Force–Displacement Relations   
To determine tangent stiffness matrix in the solution method, see Step (c) of 
Algorithm 4.1, force-displacement relationship of frames needs to be characterized. 
The fore-displacement relationship of frames is found using a structural analysis 
program, MASTAN 2 [27]. The procedure is illustrated with the following numerical 
example using a moment frame in the 2nd story. 
The moment frame in the 2nd story is modeled in MASTAN 2 as shown in 
Figure 4.7 in accordance to the section and material properties provided in Section 3.2. 
The modeling of the frame involves defining a set of lateral forces which are applied 
as a static load to nonlinear model of the frame (in this case, 0.5kips at each node N2 
and N3). Then 1st-order inelastic analysis is performed with a load increment of 0.1 
kips until the frame becomes fully plastic. Accordingly, at the applied load of 535.0 
kips, two plastic hinges are developed at the beam ends, and additional plastic hinges 
at lower end of columns occur at 536.9 kips, and then the frame is fully plastic, see 
Figure 4.8. 
 
 
 
Figure 4.7: A moment frame in the 2nd story modeled in MASTAN2 
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(a) Two plastic hinges at beam ends (b) Total four plastic hinges in the frame 
Figure 4.8: Plastic hinges on deflected shape of the 2nd story moment frame 
 
The deflection at the top of the frame against the total applied shear is plotted 
in Figure 4.9 which shows a bilinear relationship. A bilinear stiffness curve can be 
characterized by pre-yield stiffness (the slope of the first line), post-yield stiffness (the 
slope of the second line), and yield strength. The pre-yield stiffness was computed in 
Section 3.3.2 analytically. From the figure, yielding strength is estimated to be 536.9 
kips, and post-yield stiffness is calculated as the slope of the second linear line which 
is almost zero, i.e. elastic-perfectly plastic behavior. 
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Figure 4.9: Force and displacement relationship of the 2nd story moment frame 
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 The sum of the yield strength of each story frame in the direction of the 
seismic force is equivalent to the yield shear force of a story [2]. Thus, the yield shear 
force of the 2nd story is six times the yield force of the story frame (six identical 
moment frames in N-S direction, see Figure 3.3). In a similar manner, story stiffness is 
the sum of the lateral stiffness of all frames parallel to the seismic force. Table 4.2 
summarizes the yield forces yF  and pre- and post-yield stiffness 1sk  and 2sk  of each 
story. 
 
Table 4.2: Yield forces and lateral stiffness of the eight-story building 
Yield Force (kips) Story Stiffness (kips/inches) 
Story 
yF  1sk  2sk  
1 3301.8 3,435.720 0.0 
2 3221.4 3,190.407 0.0 
3 3221.4 3,190.407 0.0 
4 2853.0 2,794.025 0.0 
5 2853.0 2,794.025 0.0 
6 2853.0 2,794.025 0.0 
7 2532.6 2,453.820 0.0 
8 2532.6 2,453.820 0.0 
 
For a bilinear force-displacement model, a method to construct the tangent 
stiffness matrix is developed in Algorithm 4.3. In step (b) of the algorithm, when 
frames in the n-th story are loaded beyond their elastic limits, story stiffness equals 
( )
2
n
sk , and then during unloading conditions, the frames are elastically unloaded,  i.e. 
story stiffness equals its elastic story stiffness ( )1
n
sk . The transition time from loading to 
unloading is determined by the change in sign of story velocity ix  that indicates the 
change in direction of story displacement [7]. Once all story stiffnesses at time it  are 
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determined, tangent stiffness matrix tk  can be constructed by Equation (3.3). This 
algorithm can directly be implemented to Wilson’s theta method (Algorithm 4.1(c)). 
 
Algorithm 4.3: Tangent stiffness matrix for moment frames  
  
      Input Parameters:      1sk , 2sk , 1( )s iF − , xΔ , and ix  
      Output Parameters:   tk  and ( )s iF  
 
(a) Calculate shear forces ( )( )ns iF  of the n-th story frames at time it  
1( ) ( ) es i s iF F k x−= + Δ  
for n = 1:8 
if ( ) ( )| ( ) |n ns i yF F> ,   
then ( ) ( ) ( )( ) (( ) )n n ns i s i yF sign F F= ⋅  
 
(b) Determine stiffness ( )nk  of the n-th story at time it  
for n = 1:8 
if ( ) ( )| ( ) |n ns i yF F< , 
then ( ) ( )1
n n
sk k=  
else if ( ) ( )1( ) ( )
n n
i isign x sign x −≠  ,  
then ( ) ( )1
n n
sk k=  
else, then ( ) ( )2
n n
sk k=  
 
(c) Construct tangent stiffness matrix tk  using 
( )nk  
 
 
 
4.4.2 Nonlinear Responses of the Building   
Using the 10,000 samples of non-stationary ground acceleration generated in Section 
4.1, the responses of the eight-story building are obtained by Wilson’s method 
(Algorithm 4.1). The structural properties of the eight-story building, em , ek , and c , 
are provided in Section 3.3.2, and the other input parameters are chosen as 1.42θ =  
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and 0.01tΔ =  seconds. Figure 4.10 shows a sample of the displacement response of 
the 1st story (solid line). 
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Figure 4.10: Comparison of the different cases of structural analysis 
 
 In general, nonlinear analysis is a more accurate method to predict response of 
buildings subjected to strong ground motion. Besides, the P-Δ effects may be critical 
in the seismic performance of steel moment frame buildings, which are relatively 
flexible structure and may be subjected to large lateral displacement [12]. 
 Figure 4.10 is presented for comparison of the dynamic responses obtained by 
different analysis methods. Under the ground motion presented in Figure 4.5, the 
displacement response of the 1st story is obtained for three cases: (1) linear elastic 
analysis, (2) nonlinear analysis excluding P-Δ effects, and (3) nonlinear analysis 
including P-Δ effects. The displacement responses are very close while the building 
remains elastic, but significant differences are observed when strong motion starts at t 
≈ 8 seconds, see Figure 4.5. Also, the figure shows that P-Δ effects have a significant 
influence on the post-yield response [7]. These differences in the post-yield behavior 
of the building suggest that it is essential to include P-Δ effects in predicting the 
seismic response of the building. 
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4.4.3 Failure Rate 
Failure rate curves of the eight-story building are developed by nonlinear dynamic 
analysis. The failure rate curve represents exceedance probability of damage to 
building (i.e. plot of peak building response versus exceedance probability in this 
study). Similar to the method discussed in Section 3.4, damage of the building is 
measured by maximum interstory drift ratio ( )max | ( ) |iRt tΔ  and floor acceleration 
( )max | ( ) |ift A t  in which 
( ) ( )iR tΔ  and ( ) ( )ifA t  are defined in Equations (3.5) and (3.6).  
Using the samples of nonlinear responses obtained in the previous section, the 
two damage indicators are calculated for each of the samples. Then the failure 
probabilities due to an earthquake are estimated using Equation (3.7). Lifetime failure 
probabilities are also evaluated under the assumption of a Poisson process for the 
occurrence of earthquakes with the estimated mean occurrence rate of 
ˆ 0.2159λ = quakes/year (Refer to Section 3.4 for detailed procedure). The resulting 
failure probability curves are presented in Figures 4.11 and 4.12. 
 Comparison is made with the failure curves obtained by linear analysis, see 
Figures 3.12 and 3.13. Base on the failure rate curves developed in terms of interstory 
drift ratio (Figures 3.12 and 4.11), much higher failure rate is observed in the lower 
stories where the frames are likely to be deformed beyond their yield points. However, 
the failure rates developed in terms of floor acceleration do not show a large 
difference from those of the linear elastic system (compare Figures 3.13 and 4.12). 
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Figure 4.11: Failure rates of the eight-story building in terms of interstory drift ratio 
 110
  Failure rate due to an earthquake          Lifetime Failure Probability
 
0 0.2 0.4 0.6
0
0.2
0.4
0.6
0.8
1
1st Story
 0 0.2 0.4 0.6
0
0.2
0.4
0.6
0.8
1
2nd Story
 
0 0.2 0.4 0.6 0.8
0
0.2
0.4
0.6
0.8
1
3rd Story
 0 0.2 0.4 0.6 0.8
0
0.2
0.4
0.6
0.8
1
4th Story
 
0 0.2 0.4 0.6 0.8
0
0.2
0.4
0.6
0.8
1
5th Story
 0 0.2 0.4 0.6 0.8
0
0.2
0.4
0.6
0.8
1
6th Story
 
0 0.2 0.4 0.6 0.8
0
0.2
0.4
0.6
0.8
1
7th Story
 0 0.2 0.4 0.6 0.8
0
0.2
0.4
0.6
0.8
1
8th Story
 
,  (g)f cra  ,  (g)f cra  
 
Figure 4.12: Failure rates of the eight-story building in terms of floor acceleration 
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4.5 Direct Economic Cost Function 
In this section, basic concepts related to developing direct economic cost functions are 
briefly reviewed, and some characteristics of incremental dynamic analysis (IDA) 
curves generated by nonlinear dynamic analysis are discussed. 
Similar to the previous chapter, direct economic cost functions are derived 
from fragility curves having four damage states, and incremental dynamic analysis 
method is utilized to construct fragility curves analytically.  
 
4.5.1 Fragility Curves 
The fundamentals of incremental dynamic analysis (IDA) and fragility curve were 
discussed in Section 3.5. Recall the definitions of IDA and fragility curve. The IDA is 
a parametric analysis method to estimate structural performance under several 
earthquake ground motions [38], and fragility curve shows the conditional probability 
of reaching or exceeding a particular damage state as a function of earthquake 
intensity measure. 
 
Incremental Dynamic Analysis (IDA) 
IDA curves are characterized by Damage Measure DM (maximum interstory drift ratio 
( )
,max
i
RΔ  or floor acceleration ( ),maxifA ) and Intensity Measure IM (first mode spectral 
displacement 1dS  or acceleration 1aS ), as introduced in Section 3.5.1. The basic 
procedure for developing IDA curves was outlined in Algorithm 3.1 in which a linear 
elastic dynamic analysis method is used to estimate DM. In general, nonlinear analysis 
method provides more reliable estimate of building performance. Thus, the nonlinear 
analysis method is implemented in Algorithm 3.1 by modifying Step 1-3 (b); that is, 
DM is obtained by Algorithm 4.1 and Equations (3.5) and (3.6). 
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IDA curves of linear elastic systems (e.g. Figure 3.16) show a linear relation 
between IM and DM. For nonlinear structural systems, however, the relationship 
between IM and DM is not linear in high intensity range in which large inelastic 
deformation occurs [21]. For example, consider the IDA curves in Figure 4.13 
generated using four different accelerograms. Beyond the intensity measure of 1dS ≈ 4 
inches, the relationship between the maximum interstory drift ratio and spectral 
displacement is nonlinear. This shows the influence of geometric and material 
nonlinearities on the post-yield responses of the 1st story. 
 Figure 4.13 also shows that the shape or pattern of IDA curve depends on input 
ground acceleration. In Incremental Dynamic Analysis, Vamvatsikosy and Cornell 
[39] state that because IDA study depends on not only structural model but also 
ground motion, it is difficult to predict the responses of the structure. That is, when a 
structural model is subjected to different ground motions, distinctive responses may be 
observed. They present four patterns of IDA curves; “A softening case”, “A bit of 
hardening”, “Severe hardening”, and “Weaving behavior” (e.g. Figure 4.13). In an 
extreme case of the hardening, called “structural resurrection,” structures severely 
damaged at some intensity measure may be still sustained at a higher seismic intensity 
level due to excessive hardening [39]. For example, Figure 4.14 shows the 1st story of 
the eight-story building is forced to collapse within the intensity range of 1dS  ≈ [12, 
14] inches, but it experiences less damage at higher levels of the intensity measure. 
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Figure 4.13: IDA curves for the 1st story of the eight-story building subjected to four 
different accelerograms  
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Figure 4.14: IDA curves for the 1st story showing an extreme case of hardening 
 114
In addition, IDA method results in a heavy computational burden for nonlinear 
structural models or may cause numerical instability in calculating DM at high IM 
[38],[39]. Thus, only the 100 artificial earthquake samples are used in incremental 
dynamic analysis of the eight-story building within the predetermined IM limits of 
1 10dS =  inches and 1 1aS = g. Figure 4.15 shows ten IDA curves generated for the 1st 
and 5th stories. 
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(a) Ten IDA curves as a function of spectral displacement  
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(b) Ten IDA curves as a function of spectral acceleration  
 
Figure 4.15: Ten IDA curves for the 1st and 5th stories 
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Fragility Curves 
Fragility curves represent the conditional probability of building damage in terms of 
IM. From the IDA results, the fragility curves are constructed analytically, and then 
they are expressed in the form of lognormal CDF (Refer to Steps 2 and 3 in Section 
3.5.2). Same as Chapter 3, the fragility curves are constructed for structural and 
nonstructural (drift-sensitive and acceleration-sensitive) components based on four 
damage states, i.e. Slight, Moderate, Extensive, and Complete. The thresholds of each 
damage state given in Table 3.2 and 3.3 are used to define the damage state of each 
component. 
 The procedure to construct a fragility curve is briefly reviewed. The damage 
state probability at a given IM can be estimated using Equation (3.12). By estimating 
the damage-state probability for various levels of IM, a set of discrete points on a 
fragility curve is obtained. These discrete points are used to estimate median dsIM  and 
log standard deviation dsβ  of the fragility function given in Equation (3.13). Then the 
conditional probabilities can be obtained at any intensity level from the fragility 
function. 
Figure 4.16 shows the fragility curves for the 1st and 5th stories developed by 
nonlinear dynamic analysis. From left to right in the figure, the fragility curves 
represent the conditional probability of Slight, Moderate, Extensive, and Complete 
damages, respectively. 
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Figure 4.16: Fragility curves for the 1st and 5th stories of the eight-story building 
(dotted lines: by IDA data, solid lines: by a lognormal fit) 
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4.5.2 Direct Economic Cost Functions  
Direct economic cost for the eight-story building is estimated using the fragility curves 
developed by nonlinear analysis. For a given value of Intensity Measure IM, the 
fragility curves distribute damage of building components among the four damage 
states. From these curves, discrete damage state probabilities are calculated by taking 
the difference between the cumulative probabilities of successive damage states (Refer 
to Equation (3.17) in Section 3.6.1). The discrete damage state probabilities are then 
used as input to the estimation of the direct economic loss. 
Using the repair cost functions developed in Section 3.6.2, damage state 
probabilities are converted to dollar loss. Repair cost for damaged component is 
calculated as the sum of the products of damage state cost (Table 3.8) and 
corresponding discrete damage state probability over all four damage states. In 
addition, monetary losses during recovery time are estimated as the sum of rental 
income loss and relocation costs. Refer to the repair cost functions in Section 3.6: 
Equations (3.19), (3.20) and (3.21) for damaged building components, and Equation 
(3.25) for monetary loss. 
Direct economic costs are then estimated by the sum of costs induced by 
damaged structural and nonstructural (drift-sensitive and acceleration-sensitive) 
components and monetary loss during the recovery time. Figure 4.17 shows the direct 
economic cost functions for the eight story building. Based on these cost functions, the 
seismic performance of the existing moment frame building will be compared to an 
alternative structural system in terms of the exceedance probability of direct economic 
cost in Section 4.7. 
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Figure 4.17: Direct economic cost functions for the eight-story building 
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4.6 Alternative Structural System: Braced Frame 
The purpose of seismic evaluation and cost analysis for existing buildings is to 
estimate the probable damage due to future earthquakes and to retrofit these buildings 
for improved performance and stability.  
In the first half of this chapter, the existing eight-story steel moment frame 
building has been considered for seismic evaluation using the nonlinear dynamic 
analysis method. Consequently, the direct economic cost functions of the building 
have been developed in Section 4.5. This section focuses on developing the direct 
economic cost functions of a seismic retrofit option. The cost functions will then be 
used to compare its performance to that of the existing building in terms of the 
exceedance probability of direct economic cost in Section 4.7. 
 Although several retrofit options should be considered to find an optimal 
alternative, this study focuses on the concentrically braced steel frame system. The 
braced frames are designed by providing bracing elements to the existing moment 
frames to increase story stiffness as shown in Figure 4.18. They are designed in 
accordance with the seismic design requirements of UBC 97 (Refer to Table 4.3).  
 
Table 4.3: Bracing elements 
Story Story Shear  Force (kips) 
Compressive Load, 
BraceP  (kips) 
Effective Length, 
KL (ft) 
Bracing Members 
(A36 steel) 
1 85.89  46.60  14.32 L5×5×3/4 
2 88.04  58.93  14.50 L5×5×3/4 
3 88.04  49.88  14.50 L5×5×3/4 
4 88.04  41.21  14.50 L5×5×1/2 
5 88.04  32.33  14.50 L5×5×1/2 
6 88.04  23.33  14.50 L5×5×1/2 
7 123.25  14.09  14.50 L5×5×3/8 
8 62.81  5.89  14.50 L5×5×3/8 
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Figure 4.18: Braced frames in the N-S direction (plan view in Figure 3.3) 
 
Nonlinear dynamic analysis of the braced frame building is performed 
according to the following manners: (1) the building is subjected to ground 
acceleration in the N-S direction, (2) the building is simplified into a lumped-mass 
model, (3) the additional mass of the bracing members are assumed to be negligible, 
(4) the story stiffnesses and yield strengths are determined from nonlinear force-
displacement relation curves, and (5) the damping ratios of the first and second modes 
are assumed to be same as those of the existing building, i.e. 1 2 5%ζ ζ= = . 
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4.6.1 Force–Displacement Relations 
In order to perform nonlinear dynamic analysis using Algorithm 4.1, the force-
displacement relations of the braced frames are characterized in a similar manner as 
described in Section 4.4.1. For an illustrative example, 1st-order inelastic analysis is 
performed on the 2nd story braced frame subjected to monotonically increasing lateral 
forces until the frame becomes fully plastic. Figure 4.19 shows the braced frame 
modeled in MASTAN2 and the locations of total eight plastic hinges. The brace 
elements yield at the applied load of 530.1 kips, and then the beam and columns yield 
at applied forces of 867.9 and 885.0 kips, respectively. Because the yield strength of 
the beam and columns are close, yield strength of the both elements are assumed to be 
885.0 kips. Then the resulting force-displacement curve is presented in Figure 4.20 
which shows a tri-linear shape. 
 
  
(a) A 2nd story braced frame modeled in 
MASTAN2 
(b) Locations of total eight plastic hinges 
 
   
Figure 4.19: Static pushover analysis of the 2nd story braced frame 
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Figure 4.20: Force and displacement relationship of the 2nd story braced frame 
 
In the force-displacement curve, the slope of each linear line represents the 
stiffness of the braced frame, 1Fk , 2Fk , or 3Fk . Based on the assumption that story 
stiffness is the sum of the stiffness of the story frames, the 2nd story stiffness is equal 
to six times the stiffness of the story frame (six identical frames in N-S direction, see 
Figure 3.3). Similarly, the yield shear force for the 2nd story is six times the yield 
force of the story frame. 
 Because the tri-linear force-displacement relation is also observed in the other 
story frames, their stiffness and yield strength are evaluated in the same manner as in 
the illustrative example above. Table 4.4 summarizes yield forces, 1yF  and 2yF , and 
story stiffness, 1sk , 2sk , and 3sk , of each story. Because additional bracing members 
are added to the existing frames, the yield forces and story stiffness are increased (see 
Table 4.2 and 4.4 for comparison).  
Algorithm 4.4 is developed to implement the material nonlinearity of the 
braced frame system, having a tri-linear force-displacement relation, into Wilson’s 
theta method, see step (c) of Algorithm 4.1. 
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Algorithm 4.4: Tangent stiffness matrix for braced frames (tri-linear force-
displacement relationship) 
 
  
      Input Parameters:      1sk , 2sk , 3sk , 1( )s iF − , xΔ , and ix  
      Output Parameters:   tk  and ( )s iF  
 
(a) Calculate forces ( )( )ns iF  in the n-th story frames at time it  
for n = 1:8 
if ( ) ( )1| ( ) |
n n
s yF F< , 
then ( ) ( ) ( )1 1( ) ( )
n n n
s i s i eF F k x−= + Δ  
else if ( ) ( ) ( )1 1| ( ) |
n n n
y s yF F F≤ <  and ( ) ( )1( ) ( )n ni isign x sign x −=   
then ( ) ( ) ( )1 2( ) ( )
n n n
s i s i sF F k x−= + Δ  
else, then ( ) ( ) ( )1 1( ) ( )
n n n
s i s i sF F k x−= + Δ  
 
for n = 1:8 
if ( ) ( )2| ( ) |
n n
s i yF F> ,   
then ( ) ( ) ( )2( ) (( ) )
n n n
s i s i yF sign F F= ⋅  
 
(b) Determine stiffness ( )nk  in n-th story at time it    
for n = 1:8 
if ( ) ( )| ( ) |n ns i yF F< , 
then ( ) ( )1
n n
sk k=  
else if ( ) ( ) ( )1 2| ( ) |
n n n
y s i yF F F≤ <  and ( ) ( )1( ) ( )n ni isign x sign x −=  ,  
then ( ) ( )2
n n
sk k=  
else if ( ) ( ) ( )1 2| ( ) |
n n n
y s i yF F F≤ <  and ( ) ( )1( ) ( )n ni isign x sign x −≠  ,  
then ( ) ( )1
n n
sk k=  
else if ( ) ( )2| ( ) |
n n
s i yF F≥  and ( ) ( )1( ) ( )n ni isign x sign x −≠  ,  
then ( ) ( )2
n n
sk k=  
else, then ( ) ( )3
n n
sk k=  
 
(c) Construct tangent stiffness matrix tk  using 
( )nk  
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Table 4.4: Yield forces and story stiffnesses of the braced frame structure 
Yield Force (kips) Story Stiffness (kips/inches) 
Story 
1yF  2yF  1sk  2sk  3sk  
1 3,255.6 5,415.0 1,0008.0 3,406.8 0.0 
2 3,180.6 5,310.0 9,571.8 3,187.8 0.0 
3 3,180.6 5,310.0 9,571.8 3,187.8 0.0 
4 2,367.0 4,291.2 7,252.8 2,781.0 0.0 
5 2,367.0 4,291.2 7,252.8 2,781.0 0.0 
6 2,367.0 4,291.2 7,252.8 2,781.0 0.0 
7 1,902.6 3,630.6 5,881.2 2,451.6 0.0 
8 1,902.6 3,630.6 5,881.2 2,451.6 0.0 
 
4.6.2 Direct Economic Cost Functions 
To make a meaningful comparison of the existing and alternative structural systems, 
the same 100 samples of ground acceleration (Section 4.5.2: IDA) are used in 
incremental dynamic analysis of the braced frame building within the predetermined 
IM limits of 1 10dS =  inches and 1 1aS = g (same as for the existing building). Based on 
the IDA results, fragility curves are developed in terms of spectral displacement or 
acceleration with lognormal distribution assumption. In the development of the 
fragility curves, the damage states of nonstructural components are determined based 
on the thresholds given in Table 3.4. However, for the structural components, the 
different thresholds are used to define the damage state, see Table 4.5. Then following 
the detailed procedure described in Section 3.6, the direct economic cost functions for 
the braced frame building are developed as shown in Figure 4.21.  
 
Table 4.5: Thresholds of braced frames for structural damage [18] 
Damage States Slight Moderate Extensive Complete 
Structural Component 
(Interstory Drift Ratio) 0.0025 0.0050 0.0150 0.0400 
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Figure 4.21: Direct economic cost functions for the braced frame building 
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4.7 Exceedance Probability of Direct Economic Cost 
For comparison of the seismic performance of the two structural systems, exceedance 
probabilities of the direct economic cost are evaluated using the 10,000 samples of 
possible earthquake intensity measures ( 1dS , 1aS ) in Section 4.1 and the direct cost 
functions developed for each building system (see Figure 4.17 for the moment frame 
and Figure 4.21 for the braced frame). Given each of the intensity levels, samples of 
direct economic cost ( )ijC  are obtained for each structural system (where 1,2, ,8i = …  
and 1,2, ,10,000j = " ). 
Then the exceedance probability curves of the direct economic cost 
( )( )iEC crP C c>  due to an earthquake are estimated using Equation (3.27), and resulting 
probability curves for each structural system are presented in Figure 4.22 for 
comparison. Also, lifetime exceedance probabilities are estimated using Equation 
(3.29) under the assumption of a Poisson process for the occurrence of earthquakes 
and compared in Figure 4.23. 
Refer to Figures 4.22 and 4.23. The alternative structural system has lower 
exceedance probabilities for the lower stories; however, for the upper region the 
exceedance probabilities are higher than those for the existing building. As shown in 
the cost functions in Figures 4.17 and 4.21, the damage cost of the lower stories is 
mainly caused by drift-sensitive damage, and the cost of the upper stories is mainly 
influenced by acceleration-sensitive damage. Thus, the increased stiffness of the 
existing building by providing bracing members may help to reduce interstory 
displacement (i.e. help to reduce the cost influenced by drift-sensitive damage), but 
not floor acceleration. 
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Figure 4.22: Exceedance probabilities of the direct economic cost due to an earthquake 
occurrence 
 
 128
  moment frame                                    braced frame                     
 
0 1 2 3
0
0.5
1
1st Story
 0 0.5 1 1.5
0
0.5
1
2nd Story
 
0 0.1 0.2 0.3 0.4
0
0.5
1
3rd Story
 0 0.2 0.4 0.6
0
0.5
1
4th Story
 
0 0.05 0.1 0.15
0
0.5
1
5th Story
 0 0.05 0.1
0
0.5
1
6th Story
 
0 0.05 0.1
0
0.5
1
7th Story
 0 0.1 0.2 0.3 0.4
0
0.5
1
8th Story
 
Critical Cost ($) × 105 Critical Cost ($) × 105 
 
Figure 4.23: Exceedance probabilities of the direct economic cost during the lifetime 
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Figure 4.24: Exceedance probabilities of direct economic cost of the entire buildings 
 
In order to make a decision which structural system is superior, the exceedance 
probabilities of the overall cost of the two structural systems are compared. The total 
economic costs of the entire building are estimated as the sum of the repair costs of 
each story, see Equation (3.30). Figure 4.24 presents the comparisons of the estimated 
probability curves. Figure 4.24(a) does not show a large improvement by the 
alternative structural system; however, comparing the probability curves in Figure 
4.24(b), it can be seen that the alternative structural system has better seismic 
performance and noticeably reduces the exceedance probability of the direct economic 
cost. 
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CHAPTER 5 
SUMMARY AND CONCLUSION 
 
This thesis presents a probabilistic procedure for estimating the damage of building-
type structures subjected to earthquakes. For the evaluation of the seismic 
vulnerability of a building, three approaches are proposed: (1) failure rate curve, (2) 
fragility curve, and (3) exceedance probability of direct economic cost.  
An eight-story steel moment frame building located in Los Angeles, California 
is used to illustrate the procedures. Stochastic processes are used to describe 
earthquake occurrence, ground motions, and failure. The damage to the building is 
measured by the maximum interstory drift and floor acceleration, and the intensity of 
ground motion is measured in terms of the spectral displacement and acceleration at 
the fundamental period of the building. These measures are obtained by numerical 
simulation of dynamic response.  
For an initial evaluation of seismic performance of the building, a linear elastic 
analysis is performed to make a preliminary estimate of the damages and losses. Most 
buildings, however, experience inelastic deformation during strong ground motion. 
Hence, nonlinear analysis is carried out to provide more reliable prediction of the 
seismic response and a different insight into the structural behavior. While the failure 
rate curves derived from the linear analysis show that both structural and nonstructural 
components are not likely to experience moderate or severe damage, those derived 
from the nonlinear analysis show a considerable increase in the failure rate of the 
components in lower stories. Fragility curves developed by the nonlinear analysis 
method show the variability of the interstory drift at given intensity levels is more 
prominent than the variability of the curves developed by the linear analysis method.  
 131
The damages of structural and nonstructural components are closely related to 
monetary losses. Because the damage in terms of monetary loss provides more 
meaningful measure of economic impacts of earthquakes, the vulnerability of the 
structure is also evaluated based on the exceedance probability of the direct economic 
cost. The lifetime damage cost is another practical measure of the level of the safety 
because a desirable structural design should minimize damage cost during an intended 
lifetime. 
In order to illustrate the use of the damage cost estimation method for finding 
an optimal retrofit option, an existing structural system is modified by adding braces. 
The braced frame is designed by placing bracing elements to the existing moment 
frame. The increase in stiffness due to the bracing elements helps to reduce the 
interstory displacement in the lower stories, and consequently, reduces the direct 
economic cost influenced by drift-sensitive damage. However, in the upper stories the 
exceedance probability of the direct economic cost is greater for the braced frame 
system. In order to evaluate the superiority of the two structural systems, the overall 
direct economic cost are compared which is the sum of the direct economic costs over 
all stories. In terms of the overall direct economic cost, the braced frame has a better 
seismic performance then the existing moment frame. 
Although the methods presented in this thesis are useful to predict earthquake 
damage and qualify retrofit options, many assumptions have been made to simplify the 
dynamic response analysis and to reduce computational cost. For more realistic 
analysis, the assumptions herein should be verified or revised. Because earthquake 
direction is a source of the uncertainties, three-dimensional analysis is more desirable 
considering several directions of earthquake loading. The damage thresholds used to 
create fragility curves should be determined based on experiment or experts’ opinions 
rather using those for generic type structures presented in HAZUS. To find an optimal 
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retrofit option, several alternatives should be considered with the cost required in the 
construction. 
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